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GI0Dqdo|vhv ri Khulwdelolw| zlwk Grxeoh0Hqwu|

Wzlq Gdwd= Dv|pswrwlf Vwdqgdug Huuruv dqg

H!flhqw Hvwlpdwlrq

Kdqv0Shwhu NrkohuW Mrvhsk Ohh Urgjhuv_

Pd| 43/ 5333

Devwudfw

Lq wklv sdshu zh hvwdeolvk wkh dv|pswrwlf glvwulexwlrq ri GhIulhv�Ixonhu +4<;8, uhjuhv0

vlrq hvwlpdwhv iru khulwdelolw| dqg vkduhg hqylurqphqwdo lq xhqfhv zlwk grxeoh0hqwu|

wzlq gdwd1 D vlpsoh irupxod wr hvwlpdwh wkh fryduldqfh pdwul{ ri wkh frh!flhqwv lq

GI0uhjuhvvlrqv lv surylghg/ dqg dssolfdwlrqv wr vlpxodwhg gdwd dqg Gdqlvk wzlq gdwd

vkrz wkdw wklv phwkrg fdq vxevwdqwldoo| lqfuhdvh wkh vwdwlvwlfdo srzhu ri wkh dqdo|0

vhv1 Zh dovr surylgh dq ch!flhqw GI0dqdo|vlv* wkdw |lhogv pruh suhflvh hvwlpdwhv zkhq

dgglwlrqdo fryduldwhv duh lqfoxghg dprqj wkh h{sodqdwru| yduldeohv1

Nh|zrugv= GI0dqdo|vlv/ wzlq vwxglhv

+wklv yhuvlrq= wzgih!flhqw34d1wh{,

4 Lqwurgxfwlrq

GhIulhv dqg Ixonhu +4<;8, sursrvh d phwkrg ri hvwlpdwlqj khulwdelolw| +k2, dqg frpprq

hqylurqphqwdo lq xhqfhv +f2, zlwk wzlq gdwd e| d vlpsoh olqhdu uhjuhvvlrq ri d wzlq*v wudlw

rq khu fr0wzlq*v wudlw dqg wkh ghjuhh ri jhqhwlf uhodwhgqhvv1 Wkh lqlwldo ghyhorsphqw ri wkh
WKhdg ri Uhvhdufk Jurxs rq Vrfldo G|qdplfv dqg Ihuwlolw|/ Pd{ Sodqfn Lqvwlwxwh iru Ghprjudsklf

Uhvhdufk/ Grehudqhu Vwu1 447/ 4;38: Urvwrfn/ Jhupdq|1 Who= .7<06;4053;40456/ Id{= .7<06;4053;40756/

Hpdlo= nrkohuCghprju1psj1gh/ zzz= kwws=22xvhu1ghprju1psj1gh2nrkohu1
_Surihvvru ri Sv|fkrorj|/ Ghsduwphqw ri Sv|fkrorj|/ Xqlyhuvlw| ri Rnodkrpd/ Qrupdq/ Rn :634<1 Hpdlo=

murgjhuvCrx1hgx
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GhIulhv dqg Ixonhu +GI, phwkrg irfxvhg rq vhohfwhg wzlq gdwd lq zklfk rqh phpehu ri hdfk

sdlu lv d suredqg1 Wkh phwkrg kdv vxevhtxhqwo| ehhq jhqhudol}hg wr lqfoxgh udqgrp vdpsohv

ri wzlqv +Fkhuq|/ Fdugrq/ Ixonhu/ dqg GhIulhv 4<<5,/ dqg vhyhudo dxwkruv kdyh vkrzq wkdw

wkh uhjuhvvlrq frh!flhqwv lq wkh GI0dqdo|vlv surylgh xqeldvhg hvwlpdwhv iru khulwdelolw| dqg

vkduhg hqylurqphqwdo lq xhqfhv +OdExgd/ GhIulhv/ dqg Ixonhu 4<;9> Urgjhuv dqg PfJxh

4<<7,1 Lq dgglwlrq/ vhyhudo h{whqvlrqv kdyh ehhq sursrvhg wkdw doorz wkh frqvlghudwlrq

ri jhqhwlf qrq0dgglwlylw| +Zdoohu 4<<7,/ revhuyhg gl�huhqfhv lq qrq0vkduhg hqylurqphqw

+Urgjhuv/ Urzh/ dqg Ol 4<<7,/ dqg elqdu| ru fhqvruhg revhuydwlrqv +Nrkohu dqg Urgjhuv

4<<<,1 GI0uhjuhvvlrqv lq wkhvh gl�huhqw yduldqwv kdyh ehhq zlgho| xvhg zlwk vhohfwhg dqg

xqvhohfwhg wzlq ru nlqvkls gdwd ehfdxvh ri wkhlu vlpsoh dqg  h{leoh lpsohphqwdwlrq +Fkhuq|

hw do1 4<<5> F|skhuv hw do1 4<<3> Ixonhu hw do1 4<<4> OdExgd dqg GhIulhv 4<<3> Urgjhuv

dqg Urzh 4<;:> Urgjhuv hw do1 4<<7> Urgjhuv hw do1 4<<;> ]lhohqlhzvnl hw do1 4<;:,1

Wkh dpeljxlw| lq xqvhohfwhg vdpsohv dv wr zklfk wzlq*v wudlw vkrxog eh xvhg dv wkh

ghshqghqw/ dqg zklfk dv wkh lqghshqghqw yduldeoh/ lv iuhtxhqwo| uhvroyhg e| xvlqj grxeoh0

hqwu| +Kdjjdug 4<8;,1 Hdfk wzlq sdlu lv hqwhuhg wzlfh lq wkh gdwd/ dqg hdfk phpehu ri

d wzlq sdlu surylghv rqfh wkh ghshqghqw dqg rqfh wkh h{sodqdwru| yduldeoh14 Zkloh wkh

frqvlvwhqf| ri wkh uhjuhvvlrq hvwlpdwhv iru khulwdelolw| dqg hqylurqphqwdo lq xhqfhv lv qrw

d�hfwhg e| grxeoh0hqwu|/ wkh vwdqgdug huuruv ri wkh frh!flhqwv duh reylrxvo| eldvhg1 Lw kdv

ehhq frpprq sudfwlfh wr dgmxvw wkhvh vwdqgdug huuruv iru wkh fruuhfw ghjuhhv ri iuhhgrp1 Lq

odujh vdpsohv wklv dgmxvwphqw lv dfklhyhg e| pxowlso|lqj wkh vwdqgdug huuruv rewdlqhg iurp

wkh grxeoh0hqwu| uhjuhvvlrq zlwk dq dgmxvwphqw idfwru
s
5/ ru dowhuqdwlyho|/ e| pxowlso|lqj

wkh fryduldqfh pdwul{ rewdlqhg lq wkh lqlwldo uhjuhvvlrq e| wkh idfwru 51

Wklv dssurdfk lv sureohpdwlf iru dw ohdvw wzr uhdvrqv1 Iluvw/ wkh GI0uhjuhvvlrq lv khwhur0

vfhgdvwlf�hyhq zlwk vlqjoh hqwu| gdwd�ehfdxvh d fr0wzlq*v wudlw lv d ehwwhu suhglfwru ri

wkh suredqg*v wudlw lq P] wzlq sdluv dv frpsduhg wr G] wzlq sdluv1 Wklv lpsolhv wkdw wkh

uhvlgxdo yduldqfh lq wkh GI0uhjuhvvlrq lv odujhu iru G] wzlqv wkdq iru P] wzlqv1 Wklv khw0

hurvfhgdvwlflw| srwhqwldoo| glvwruwv wkh hvwlpdwhg fryduldqfh pdwul{ ri wkh sdudphwhuv1 Wkh

deryh dgmxvwphqw iru wkh ghjuhhv ri iuhhgrp lq grxeoh0hqwu| gdwd pd| wkhuhiruh eh edvhg

4Fkhuq| hw do1 +4<<5, srlqw rxw wzr dowhuqdwlyh srvvlelolwlhv1 Wkh| qrwh wkdw hdfk ri wkh 2� srvvleoh

frpelqdwlrqv ri wzlq dvvljqphqw dv suredqg frxog eh frqvlghuhg dqg wkh dyhudjh hvwlpdwh rewdlqhg1 Dowhu0

qdwlyho| wkh dyhudjh ri wkh hvwlpdwh rewdlqhg iurp d vpdoohu qxpehu ri dqdo|vhv edvhg rq udqgrp dvvlqjphqw

frxog eh xvhg1
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rq d glvwruwhg dqg lqdssursuldwh vwduwlqj srlqw/ zklfk vxevhtxhqwo| pd| ohdg wr huurqhrxv

vljql�fdqfh whvwv hyhq diwhu wkh dgmxvwphqw1 Vhfrqg/ wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw

dfklhyhg e| pxowlso|lqj fryduldqfh pdwul{ zlwk d idfwru 5 lv frqvhuydwlyh1 Lw dvvxphv wkdw

grxeoh0hqwhulqj d wzlq sdlu grhv qrw lqfuhdvh wkh lqirupdwlrq�ru orrvho| vshdnlqj/ wkh ryhu0

doo ghjuhhv ri iuhhgrp�lq wkh vdpsoh1 Krzhyhu/ wklv lv qrw wkh fdvh dqg grxeoh0hqwhulqj

hdfk wzlq sdlu qrw rqo| uhvroyhv wkh dpeljxlw| lq wkh dvvljqphqw ri wkh suredqg/ exw dovr

lqfuhdvhv wkh lqirupdwlrq dydlodeoh iru wkh lqihuhqfh ri khulwdelolw| dqg vkduhg hqylurqphqwdo

h�hfwv1

Lq wklv sdshu zh hvwdeolvk wkh dv|pswrwlfdoo| fruuhfw fryduldqfh pdwul{ ri wkh frh!flhqwv

lq GI0uhjuhvvlrqv zlwk grxeoh0hqwu| gdwd dqg zh surylgh d vlpsoh hvwlpdwru iru wklv frydul0

dqfh pdwul{15 Wkh dqdo|vlv lv edvhg rq wkh lqwhusuhwdwlrq ri GI0uhjuhvvlrqv dv d jhqhudol}hg

phwkrg ri prphqw +JPP, hvwlpdwru1 Wklv lqwhusuhwdwlrq dovr vxjjhvwv wkdw GI0dqdo|vlv

lv lqh!flhqw zkhq lw lv frpelqhg zlwk dgglwlrqdo fryduldwhv/ dqg zh sursrvh dq ch!flhqw

GI0hvwlpdwlrq* iru wkhvh fdvhv1 Wklv h!flhqw phwkrg |lhogv pruh dffxudwh hvwlpdwhv wkdq

wkh olqhdu uhjuhvvlrq xvhg lq vwdqgdug GI0dqdo|vlv1 VWDWD surjudpv wr hvwlpdwh erwk wkh

fruuhfw fryduldqfh pdwul{ dqg wkh h!flhqw GI0hvwlpdwru duh dydlodeoh iurp wkh �uvw dxwkru

ri wklv sdshu1

Wkh uhpdlqghu ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 lqyhvwljdwhv GI0dqdo|vlv

zlwk grxeoh0hqwu| gdwd zlwklq wkh shuvshfwlyh ri vwdqgdug olqhdu uhjuhvvlrq1 Vhfwlrq 6

vkrzv krz GI0uhjuhvvlrqv fdq eh lqwhusuhwhg zlwklq wkh iudphzrun ri jhqhudol}hg phwkrgv

ri prphqwv1 Wklv Vhfwlrq dovr hvwdeolvkhv wkh dv|pswrwlf glvwulexwlrq ri wkh hvwlpdwhg

frh!flhqwv dqg ghulyhv dq h!flhqw GI0hvwlpdwlrq wkdw lv dv|pswrwlfdoo| suhihudeoh zkhq

GI0uhjuhvvlrqv frqwdlqv dgglwlrqdo fryduldwhv1 Vhfwlrq 7 surylghv vlpxodwlrqv wkdw frpsduh

wkh gl�huhqw hvwlpdwruv lq wklv sdshu zlwk uhvxowv rewdlqhg iurp errwvwudsslqj wkh gdwd1

Vhfwlrq 8 dssolhv wkh phwkrgv wr erg| khljkw dqg erg| pdvv lqgh{ lq d vdpsoh ri Gdqlvk

wzlqv/ dqg Vhfwlrq 9 frqfoxghv1

5Zlwk d ihz vwudljkw0iruzdug prgl�fdwlrqv/ wklv phwkrg uhvroyhv wkh khwhurvfhgdvwlflw| sureohp ri GI

uhjuhvvlrqv dovr lq vhohfwhg wzlq vdpsohv zlwk vlqjoh0hqwu| gdwd1
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5 GI0Dqdo|vlv iurp d Uhjuhvvlrq Shuvshfwlyh

Lq rughu wr prwlydwh rxu JPP dssurdfk wr wkh hvwlpdwlrq ri khulwdelolw| dqg vkduhg hq0

ylurqphqwdo h�hfwv/ lw lv xvhixo wr �uvw uhylvlw GI0dqdo|vhv zlwk grxeoh0hqwu| gdwd lq wkh

iudphzrun ri olqhdu uhjuhvvlrq16

Wkh cdxjphqwhg GI0dqdo|vlv* hvwlpdwhv wkh uhjuhvvlrq z�� @ �f . ��z2� . �2U+}�, .

��U+}�,z2� / zkhuh z�� lv wkh wudlw ydoxh ri wzlq l @ 4> 5 lq sdlu m/ }� lv wkh }|jrvlw|/ dqg

U+}�, lv wkh ghjuhh ri jhqhwlf uhodwhgqhvv ri wkh wzlq sdlu1 Lq wkh ghyhorsphqw ri wklv

phwkrg/ GhIulhv dqg Ixonhu +4<;8, dvvxph dq dgglwlyh jhqhwlf prgho zlwk qr dvvruwdwlyh

pdwlqj dqg zlwk htxdo hqylurqphqwdo lq xhqfhv dfurvv nlqvkls fdwhjrulhv1 Wkh skhqrw|sh

z�� ri wzlq l zlwklq wzlq0sdlu m fdq wkhuhiruh eh olqhduo| ghfrpsrvhg dv z�� @ f� .d�� .h�� /

zkhuh f� uhsuhvhqwv wkh vkduhg hqylurqphqwdo lq xhqfhv h{shulhqfhg e| wkh wzlqv lq sdlu m/

d�� lv wkh dgglwlyh jhqhwlf ydoxh ri wzlq l lq sdlu m/ dqg h�� ghqrwhv lq xhqfhv rq wkh wudlw

z�� wkdw duh lqglylgxdo0vshfl�f wr wzlq l lq sdlu m= Wklv uhodwlrq fdq dovr eh zulwwhq lq whupv

ri ghyldwlrqv iurp wkh phdq dv

z�� @ �z . �f� . �d�� . �h��> +4,

zkhuh �z @ Hz�� lv wkh ryhudoo h{shfwdwlrq ri wkh wudlw/ dqg �f� @ f� � �f/ �d�� @ d�� � �d/

h�� @ �h�� � �h duh wkh ghyldwlrqv iurp wkh h{shfwhg ydoxhv �f @ H f� / �d @ Hd��/ dqg �h @

H h�� ri wkh xqghuo|lqj jhqhwlf dqg hqylurqphqwdo ghwhuplqdqwv ri wkh wudlw1 Wkh dgglwlyh

jhqhwlf prgho wkhq lpsolhv wkdw wkh revhuydwlrqv +z�� > z2�,
� duh lqghshqghqwo| glvwulexwhg

dffruglqj wr d elyduldwh glvwulexwlrq zlwk d phdq yhfwru + �z> �z,� dqg d fryduldqfh pdwul{

+}�, wkdw ghshqgv rq wkh }|jrvlw| }� ri d wzlq sdlu1 Lq sduwlfxodu/ wkh vwdqgdug jhqhwlf

prgho ghvfulehg deryh lpsolhv wkdw

+}�, @ �2�

�
4

�+}�,

�+}�,

4

�
> +5,

zkhuh �2� lv wkh yduldqfh ri wkh wudlw z��/ dqg �+}�, @ f2 . k2U+}�, lv wkh zlwklq0wzlq sdlu

fruuhodwlrq ri wkh wudlw dv d ixqfwlrq ri wkh }|jrvlw| }�1 Vrph zhdn uhjxodulw| frqglwlrqv

rq wklv glvwulexwlrq duh qhfhvvdu| wr hqvxuh dv|pswrwlf qrupdolw| ri uhjuhvvlrq dqg uhodwhg

hvwlpdwruv/ dqg zh dvvxph wkurxjkrxw wklv sdshu wkdw doo irxuwk prphqwv ri +z�� > z2�,� duh

�qlwh1
6Iru uhodwhg dqdo|vhv vhh dovr OdExgd/ GhIulhv/ dqg Ixonhu +4<;9,/ Urgjhuv dqg PfJxh +4<<7,/ Zdoohu

+4<<7, dqg Urgjhuv/ Urzh/ dqg Ol +4<<7,1
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Wkh h{shfwhg ydoxh ri wkh �uvw wzlq*v wudlw z��/ frqglwlrqdo rq wkh vhfrqg wzlq*v wudlw

z2� / lq wkh deryh prgho htxdov H^z�� mz2� ` @ �z . f2+z2� � �z, . k2U+}�,+z2� � �z, @ +4 �
f2, �z . f2z2� � k2 �zU+}�, . k2U+}�,z2�/ zkhuh k2 @ ydu+d��,@ ydu+z��, lv wkh frh!flhqw ri

khulwdelolw| ri wkh wudlw/ dqg f2 @ ydu+f��,@ydu+z��, lv wkh frh!flhqw ri vkduhg hqylurqphqwdo

lq xhqfhv dvvrfldwhg zlwk wkh wudlw1 Wklv frqglwlrqdo h{shfwdwlrq surylghv d gluhfw lqwxlwlrq

iru GI0dqdo|vlv1 Vlqfh wkh h{shfwdwlrq H^z��mz2� ` lv d olqhdu ixqfwlrq ri z2�/ U+}�, dqg

U+}�,z2�/ lw fdq eh hvwlpdwhg xvlqj vwdqgdug uhjuhvvlrq whfkqltxhv1 Pruhryhu/ ehfdxvh wzr

ri wkh frh!flhqwv lq wklv olqhdu uhodwlrq fruuhvsrqg wr f2 dqg k2/ wkh uhjuhvvlrq frh!flhqwv

surylgh gluhfw hvwlpdwhv iru wkh khulwdelolw| dqg vkduhg hqylurqphqwdo lq xhqfh1

Lq wkh iroorzlqj zh lqwurgxfh vrph dgglwlrqdo qrwdwlrq lq rughu wr lqyhvwljdwh wkh surshu0

wlhv ri wklv GI0uhjuhvvlrq ixuwkhu1 Iluvw zh gh�qh wkh frh!flhqw yhfwru � @ +�f> ��> �2> ��,
�

zklfk zh lqwhqg wr hvwlpdwh xvlqj GI0uhjuhvvlrq dqdo|vlv1 Wkh uhjuhvvlrq frh!flhqwv fru0

uhvsrqg wr wkh deryh jhqhwlf prgho dv �f @ +4� f2, �z/ �� @ f2/ �2 @ �k2 �z/ dqg �� @ k21

Vhfrqg/ zh dgrsw wkh vwdqgdug qrwlrq c|* dqg c{* wr ghqrwh ohiw0 dqg uljkw0kdqg0vlgh ydul0

deohv lq uhjuhvvlrq dqdo|vlv1 Lq sduwlfxodu/ zh ghqrwh dv |�� @ z�� dqg {�� @ +4/ z2� / U+}�,/

U+}�,z2�, wkh ohiw0 dqg uljkw0kdqg0vlgh yduldeohv lq wkh GI0uhjuhvvlrq iru wzlq 4 lq sdlu

m1 Wkh fruuhvsrqglqj yhfwruv |2� dqg {2� duh dovr gh�qhg iru wkh vhfrqg wzlq zlwk wkh

suredqg dvvljqphqw uhyhuvhg1 Zh wkhq vwdfn wkh revhuydwlrqv iru erwk wzlqv lq d sdlu dqg

zulwh |� @
�
+��
+2�

�
dqg {� @

�
%��
%2�

�
1

Zkhq rqo| wkh vxevfulsw m lv suhvhqw/ wkh yhfwruv2pdwulfhv c|* dqg c{* uhihu wr wkh gdwd

lq d wzlq sdlu/ zkloh wkh suhvhqfh ri wkh dgglwlrqdo vxevfulsw c4* dqg c5* vshfl�hv wkh gdwd

iru hlwkhu wkh �uvw ru vhfrqg wzlq zlwklq d sdlu1 Zh dovr gh�qh wkh vwdfnhg pdwul{hv

\ @ +|��> = = = > |
�
?,

� dqg [ @ +{�
�> = = = > {

�
?,

� zklfk frqwdlq wkh frpsohwh grxeoh0hqwu| gdwd iru

doo wzlq sdluv m @ 4> = = = > q1

Wkh h{shfwdwlrq ri |� @ +z�� > z2�,
�/ frqglwlrqdo rq wkh uhvshfwlyh fr0wzlq*v uhdol}dwlrq

ri wkh wudlwv +z2�> z��,�/ fdq qrz eh zulwwhq dv
�
,d+�� �%�� o

,d+2� �%2� o

�
@ {��/ zklfk gluhfwo| ohdgv wr

wkh GI0uhjuhvvlrq vshfl�fdwlrq |� @ {�� . %�1 Wkh whup %� @ +%��> %2�,
� lv wkh uhvlgxdo lq

wkh GI uhjuhvvlrq ri sdlu m1 Lw lv lpsruwdqw wr revhuyh wkdw wklv GI0uhjuhvvlrq vdwlv�hv iru

hdfk wzlq l zlwklq sdlu m wkh frqglwlrq H^%��m{�� ` @ H^|�� � {���m{��` @ 31 Wklv frqglwlrq lv

hvvhqwldo iru ROV lq rughu wr |lhog xqeldvhg dqg frqvlvwhqw hvwlpdwhv iru wkh sdudphwhuv ri

lqwhuhvw � vlqfh GI0dqdo|vlv lv vrphwlphv huurqhrxvo| fulwlfl}hg iru dq dssduhqw fruuhodwlrq
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ehwzhhq wkh yduldeohv lq {�� dqg wkh fruuhvsrqglqj uhvlgxdo whup %��1

Wkh devhqfh ri dq| fruuhodwlrq ehwzhhq {�� dqg %�� lv vhhq e| lqyhvwljdwlqj wkh uhodwlrq

ri wkh uhvlgxdo whup %�� wr wkh ydulrxv frpsrqhqwv ri wkh xqghuo|lqj jhqhwlf prgho1 Lq

rughu wr hvwdeolvk wklv uhodwlrq/ zh �uvw gh�qh d pdwul{ T+}�, @
�

�
34E5��

34E5��
�

�
1 Zh wkhq

vwdfn uhodwlrq +4, iru erwk wzlqv lq d sdlu/ dqg zh suhpxowlso| wklv vwdfnhg uhodwlrq zlwk

wkh pdwul{ T+}�, wr rewdlq

T+}�,

�
z�� � �z

z2� � �z

�
� ~} �

'0�

@ T+}�,

�
�f� . �d�� . �h��
�f� . �d2� . �h2�

�
= +6,

Diwhu fduu|lqj rxw wkh pdwul{ pxowlsolfdwlrq rq wkh ohiw vlgh zh �qg wkdw wkh whupv rq wkh

ohiw vlgh ri +6, htxdo |� � {�� @ %� 1 Wkh uljkw kdqg vlgh ri +6, lv khqfh d uhsuhvhqwdwlrq ri

wkh uhvlgxdov %� lq whupv ri wkh jhqhwlf dqg hqylurqphqwdo ghwhuplqdqwv ri wkh wudlw z�� 1

Vlqfh zh kdyh gh�qhg |� @ +z��> z2�,�/ wkh h{shfwdwlrq H^|�%��` uhyhdov wkh fruuhodwlrq

ehwzhhq hdfk wudlw ydoxh dqg wkh uhvlgxdo lq wkh GI0uhjuhvvlrq

H^|�%
�
�` @ H

��
�z. �f� . �d�� . �h��
�z. �f� . �d2� . �h2�

��
�f� . �d�� . �h��
�f� . �d2� . �h2�

��

T+}�,
�

�
@ �2�+4� �+}�,,

2

�
4

3

3

4

�
= +7,

Wkh �uvw htxdolw| lq +7, iroorzv iurp +4, dqg +6,1 Wkh vhfrqg htxdolw| iroorzv iurp wkh

revhuydwlrq wkdw wkh pdwul{ T+}�,/ pxowlsolhg e| ^�2�+4��+}�,,
2`3�/ lv lqyhuvh ri wkh frydul0

dqfh pdwul{ +}�, lq +5,1 Vlqfh wkh h{shfwdwlrq H^|�%
�
�` lv d gldjrqdo pdwul{/ lw iroorzv wkdw

wkh uhvlgxdo whup %�� lv xqfruuhodwhg zlwk z2�/ dqg vlploduo|/ wkdw %2� lv xqfruuhodwhg zlwk

z�� 1 Vlqfh wkh pdwul{ {�� +ru {2�, frqvlvwv rqo| ri frqvwdqw whupv dqg z2� +ru z��,/ wkh

uhvlgxdo whup %�� lv xqfruuhodwhg zlwk wkh uhvshfwlyh uljkw0kdqg0vlgh yduldeohv frqwdlqhg lq

{�� 1

Dw wkh vdph wlph/ wkh uhvlgxdov %�� dqg %2� duh qhlwkhu lqghshqghqw ri hdfk rwkhu qru duh

wkh| shuihfwo| ghshqghqw1 Lq sduwlfxodu/ wkh fryduldqfh pdwul{ ri wkh huuru whup %� iroorzv

iurp +6, dqg +5, dv

H %�%
�
� @ T+}�,+}�,T

�+}�, @ �2�+4� �+}�,,
2

�
4

��+}�,

��+}�,

4

�
= +8,

Wklv fryduldqfh pdwul{ lv xvhixo ehfdxvh lw uhyhdov wzr lpsruwdqw dvshfwv lq zklfk grxeoh0

hqwu| GI0dqdo|vlv ghyldwhv iurp wkh vwdqgdug ROV prgho1 Iluvw/ wkh uhvlgxdov dfurvv lqgl0

ylgxdov lq wkh vdpsoh duh qrw lqghshqghqw exw fruuhodwhg zlwklq wzlq sdluv1 Wklv fruuhodwlrq

zloo w|slfdoo| eh qhjdwlyh dqg htxdo wr ��+}�,/ l1h1/ lw htxdov wkh qhjdwlyh fruuhodwlrq ri wkh



:

wudlw zlwklq wzlq sdluv1 Vhfrqg/ vlqfh �+}�, lv w|slfdoo| odujhu iru P] wzlqv wkdq iru G]

wzlqv/ wkh uhvlgxdov duh khwhurvfhgdvwlf dfurvv prqr}|jrwlf dqg gl}|jrwlf wzlqv zkhqhyhu

wkh wudlw z�� kdv d jhqhwlf lq xhqfh/ l1h1/ zkhq k2 A 31

Lq dgglwlrq wr wkh fruuhodwlrq dqg khwhurvfhgdvwlflw| ri wkh uhvlgxdov/ wkh {�� *v zlwklq d

wzlq sdlu duh qrw lqghshqghqw dqg wkh xvxdo lqwhusuhwdwlrq ri wkh hvwlpdwhg frh!flhqw dv

cfrqglwlrqdo rq wkh gdwd[* lv qrw dssursuldwh ehfdxvh wkh {� *v frqvlvw ri uhdol}dwlrqv wkdw duh

xvhg erwk lq wkh ghshqghqw yduldeoh dv zhoo dv lq wkh h{sodqdwru| yduldeohv1 Qhlwkhu ri wkhvh

frpsolfdwlrqv d�hfw wkh frqvlvwhqf| dqg xqeldvhgqhvv ri wkh hvwlpdwhg frh!flhqwv a�GI lq d

uhjuhvvlrq0edvhg GI0dqdo|vlv1 Krzhyhu/ wkh| gr d�hfw wkh vwdqgdug huuruv dvvrfldwhg zlwk

wklv hvwlpdwh1 Lq dgglwlrq/ d phuh dgmxvwphqw iru wkh ghjuhhv ri iuhhgrp lv qrw vx!flhqw

ehfdxvh wkh fruuhodwlrq dqg khwhurvfhgdvwlflw| lq wkh uhvlgxdov pd| glvwruw wkh ROV uhvxowv

lq d pruh frpsolfdwhg idvklrq wkdw fdqqrw eh dgmxvwhg iru e| d sursruwlrqdo ghjuhhv0ri0

iuhhgrp dgmxvwphqw ri wkh vwdqgdug huuruv rewdlqhg lq GI0dqdo|vlv1

Wkh frpsolfdwlrqv lq wkh dssolfdwlrq ri GI0dqdo|vlv zlwk grxeoh0hqwu| gdwd/ krzhyhu/

gr qrw lpso| wkdw zh fdqqrw ghwhuplqh wkh fruuhfw glvwulexwlrq ri wkh hvwlpdwhg frh!flhqw

� dqg ri wkh hvwlpdwhg khulwdelolw| k2 dqg vkduhg hqylurqphqwdo lq xhqfh f21 Lq rughu wr

hvwdeolvk wklv glvwulexwlrq/ krzhyhu/ lw lv qhfhvvdu| wr dgrsw d pruh jhqhudo iudphzrun wkdq

wkdw ri vwdqgdug olqhdu uhjuhvvlrq1

6 D Jhqhudol}hg Phwkrg ri Prphqw Dssurdfk wr GI0

Hvwlpdwlrq

614 Vshfl�fdwlrq ri d JPP Hvwlpdwru

Wkh lpsruwdqw fkdudfwhulvwlf ri grxeoh0hqwu| wzlq gdwd lv wkdw rqh fdq qr orqjhu wuhdw hdfk

lqglylgxdo dv dq lqghshqghqw revhuydwlrq vlqfh wkh uhdol}dwlrqv ri wkh wudlw z�� zlwklq d wzlq

sdlu duh gudzq iurp d elyduldwh glvwulexwlrq zlwk phdq + �z> �z,� dqg wkh fryduldqfh pdwul{

lq +5,1 Krzhyhu/ lw lv vwloo dssursuldwh wr frqvlghu wkh revhuydwlrqv +z��> z2�,� dfurvv wzlq

sdluv dv lqghshqghqw uhdol}dwlrqv1

Jhqhudol}hg phwkrg ri prphqwv +JPP, hvwlpdwlrq lv edvhg rq wkh lghd wkdw wkh sdudp0

hwhuv ri dq hpslulfdo prgho fdq eh lghqwl�hg dqg hvwlpdwhg e| frpsdulqj wkh wkhruhwlfdo

prphqwv ri d vwdwlvwlfdo prgho zlwk wkhlu hpslulfdo frxqwhusduwv lq wkh vdpsoh +Kdqvhq



;

4<;5> Qhzh| dqg PfIdgghq 4<<7,1 Rqh dgydqwdjh ri wklv dssurdfk/ dv frpsduhg wr pd{0

lpxp olnholkrrg hvwlpdwlrq/ lv wkdw wkh lqihuhqfhv duh edvhg rqo| rq wkh prphqwv ri d

vwdwlvwlfdo prgho/ zlwkrxw wkh uhtxluhphqw wr gh�qh wkh uhvshfwlyh glvwulexwlrqv h{dfwo|1

Iru lqvwdqfh/ vwdqgdug ROV uhjuhvvlrq hphujhv zlwklq wkh JPP iudphzrun iurp wkh pr0

phqw frqglwlrq wkdw wkh uhvlgxdov ri wkh uhjuhvvlrq duh ruwkrjrqdo +l1h1/ xqfruuhodwhg, zlwk

wkh uljkw0kdqg0vlgh yduldeohv lq wkh uhjuhvvlrq1 Zkloh lq wklv uhjuhvvlrq h{dpsoh wkh qxpehu

ri prphqw frqglwlrqv htxdov wkh qxpehu ri sdudphwhuv wr eh hvwlpdwhg +l1h1/ hdfk uljkw0

kdqg0vlgh yduldeoh lq wkh d uhjuhvvlrq prgho |lhogv rqh prphqw frqglwlrq wr lghqwli| wkh

uhvshfwlyh sdudphwhu,/ JPP hvwlpdwlrq hdvlo| dffrpprgdwhv ryhulghqwl�hg prghov zkhuh

wkh qxpehu ri prphqw frqglwlrqv h{fhhgv wkh qxpehu ri sdudphwhuv1 Wklv ihdwxuh ri JPP

hvwlpdwlrq pdnhv lw sduwlfxoduo| xvhixo iru wkh dqdo|vlv ri wzlq gdwd/ zklfk duh fkdudfwhul}hg

e| wkh idfw wkdw lq hdfk wzlq sdlu zh rewdlq wzr revhuydwlrqv ri d wudlw1

615 Dv|pswrwlf Yduldqfh lq Grxeoh0Hqwu| GI0Dqdo|vlv

Lq wkh iroorzlqj zh frqwlqxh wr xvh wkh qrwdwlrq lqwurgxfhg lq Vhfwlrq 5 deryh1 Wkh rqo|

prgl�fdwlrq wr rxu qrwdwlrq lv wkdw iurp qrz rq zh doorz iru dgglwlrqdo fryduldwhv wr eh lq0

foxghg dprqj wkh uljkw0kdqg0vlgh yduldeohv {��1 Xvhixo fryduldwhv duh/ iru lqvwdqfh/ revhuyhg

gl�huhqfhv lq wkh qrq0vkduhg hqylurqphqw ri wzlqv wkdw fdq frqwulexwh wr wkh h{sodqdwlrqv

ri zlwklq0wzlq sdlu gl�huhqfhv ri d wudlw +Urgjhuv/ Urzh/ dqg Ol 4<<7,1 Pruhryhu/ wkh fr0

wzlq*v wudlw ydoxh fdq eh holplqdwhg iurp wkh yhfwruv {�� lq rughu wr hvwlpdwh GI0prghov

wkdw frqwdlq rqo| dgglwlyh0jhqhwlf dqg qrq0vkduhg hqylurqphqwdo h�hfwv +DH prghov, lq0

vwhdg ri wkh vwdqgdug DFH prghov wkdw lqfoxgh dgglwlyh jhqhwlf/ vkduhg dqg qrq0vkduhg

hqylurqphqwdo h�hfwv1

Zh ghqrwh wkh qxpehu ri uljkw0kdqg0vlgh yduldeohv frqwdlqhg lq {�� dv N1 Wkh yhfwru

{�� wkxv kdv N.4 froxpqv/ {� lv d 5� +N.4, pdwul{ frqwdlqlqj wkh UKV yduldeohv ri hdfk

wzlq sdlu/ dqg � lv d yhfwru zlwk N . 4 hohphqwv +hdfk yhfwru2pdwul{ lqfoxghv d frqvwdqw

whup lq dgglwlrq wr wkh N uljkw0kdqg0vlgh yduldeohv,1

Rqh srvvlelolw| wr gh�qh uhohydqw prphqw frqglwlrqv iru wkh phwkrg0ri0prphqw hvwlpd0

wlrq ri � lv wr uhtxluh wkdw zlwklq hdfk wzlq sdlu H^{�
��%��` @ 3 dqg H^{�

2�%2� ` @ 31 Krzhyhu/

wkhvh frqglwlrqv |lhog d wrwdo ri 5 � +N . 4, prphqw uhvwulfwlrqv wkdw qhhg wr eh vdwlv�hg

e| hvwlpdwlqj N . 4 sdudphwhuv1 Gxh wr udqgrpqhvv lq wkh gdwd/ lw lv xvxdoo| lpsrvvleoh
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wr �qg dq hvwlpdwh a� wr vroyh wklv ryhulghqwl�hg sureohp1

Wkh v|pphwu| ri grxeoh0hqwu| gdwd vxjjhvwv wkdw zh fkrrvh wkh prphqw uhvwulfwlrq

H^{
�
�%�` @ 3> +9,

zklfk lpsolhv wkdw wkh vxp {�
��%��.{�

2�%2� kdv }hur h{shfwdwlrq1 Wkh hpslulfdo frxqwhusduw

wr wklv prphqw frqglwlrq lv

4

q

?[
�'�

{�
�%� @

?[
�'�

{�
�+|� � {��, @

4

q
[ �+\ �[�, @ 3> +:,

zklfk |lhogvN.4 htxdwlrqv iru wkh xqnqrzqN.4 sdudphwhuv frqwdlqhg lq �1 Wkh vroxwlrq

wr +:, lv a�GI @ +[ �[,3�[ �\ / zklfk lv lghqwlfdo wr wkh ROV frh!flhqw rewdlqhg iurp

uhjuhvvlqj \ rq [1 Wkh frqvlvwhqf| ri wklv hvwlpdwru iroorzv gluhfwo| iurp wkh surshuwlhv ri

ROV uhjuhvvlrq/ dqg wkh dv|pswrwlf yduldqfh ri wklv hvwlpdwru lv lpphgldwho| rewdlqhg iurp

wkh odujh0vdpsoh surshuwlhv ri JPP hvwlpdwruv +h1j1/ Kdqvhq 4<;5> Qhzh| dqg PfIdgghq

4<<7,1

Uhvxow 4 +dv|pswrwlf yduldqfh ri GI0hvwlpdwru, Wkh hvwlpdwru a�GI @ +[ �[,3�[ �\

zlwk grxeoh0hqwu| wzlq gdwd lv dv|pswrwlfdoo| glvwulexwhg dv

a�GI
@�$ Q+�>

4

q
iH^{�

�{� `j3�	iH^{�
�{� `j3�,> +;,

zkhuh 	 @ H^{�
�%�%

�
�{� ` lv wkh fryduldqfh pdwul{ ri wkh prphqw uhvwulfwlrqv1 D frqvlvwhqw

hvwlpdwru iru wkh dv|pswrwlf yduldqfh ri a�GI lq +;, lv jlyhq e| +[ �[,3� aV+[ �[,3� zlwk

aV @ ^
S?

�'� {
�
�a%�a%

�
�{� ` @ ^

S?
�'�+{

�
��a%�� . {�

2�a%2�,+a%
�
��{�� . a%�2�{2�,`/ zkhuh a%�� @ |�� � a|�� @

|�� � {��a� lv wkh uhvlgxdo ri wkh GI0uhjuhvvlrq17

Wkh deryh hvwlpdwru iru wkh yduldqfh kdv wkh dgydqwdjh wkdw lw lv hdvlo| frpsxwhg/ dqg

zh zloo vkrz lq Vhfwlrq 7 wkdw lw shuirupv zhoo zkhq frpsduhg wr wkh vwdqgdug huuruv ghulyhg

iurp errwvwudsslqj wkh grxeoh0hqwu| wzlq gdwd1 Pruhryhu/ vlqfh wkh pdwulfhv {� fdq frqwdlq

fryduldwhv lq dgglwlrq wr wkh fr0wzlq*v wudlw dqg wkh ghjuhh ri jhqhwlf uhodwhgqhvv/ Uhvxow

4 dovr dssolhv wr wkh ydulrxv h{whqvlrqv ri wkh GI0prgho wkdw duh edvhg rq dgglqj pruh

7Wkh vpdoo vdpsoh surshuwlhv ri wkh yduldqfh hvwlpdwru Ef�f�3� 	7Ef�f�3� lq Uhvxow 4 pd| eh lpsuryhg

e| pxowlso|lqj lw zlwk ?*E?3g 3 ��/ zkhuh ? lv wkh qxpehu ri wzlq sdluv lq wkh gdwd dqg g lv wkh qxpehu

ri uljkw0kdqg0vlgh yduldeohv lq wkh GI0uhjuhvvlrq1 Vhh PdfNlqqrq dqg Zklwh +4<;8,1
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yduldeohv wr wkh uljkw0kdqg0vlgh ri wkh uhjuhvvlrq +vhh iru lqvwdqfh Urgjhuv/ Urzh/ dqg Ol

+4<<7, iru d glvfxvvlrq ri vxfk h{whqvlrqv,1

Wkh dv|pswrwlf glvwulexwlrq lq +;, dovr uhyhdov zk| d phuh ghjuhhv0ri0iuhhgrp dgmxvw0

phqw diwhu GI0dqdo|vhv zlwk grxeoh0hqwu| gdwd pd| eh plvohdglqj1 Wkh fryduldqfh pdwul{

wkdw lv uhsruwhg zlwk vwdqgdug uhjuhvvlrq vriwzduh diwhu d GI0dqdo|vlv lv a�2e+[
�[,3�/ zkhuh

a�2e lv wkh uhvlgxdo yduldqfh ri wkh uhjuhvvlrq1 D ghjuhhv0ri0iuhhgrp dgmxvwphqw ri wklv fr0

yduldqfh pdwul{ dssur{lpdwho| lqfuhdvhv doo hohphqwv ri wklv pdwul{ e| d idfwru 51 Vxfk d

sursruwlrqdo dgmxvwphqw ri wkh fryduldqfh pdwul{ fdq rqo| |lhog fruuhfw vwdqgdug huuruv iru

a�GI li wkh yduldqfh ri wkh prphqw uhvwulfwlrqv 	 @ H^{�
�%�%

�
�{� ` fdq eh idfwruhg lqwr d frq0

vwdqw whup dqg +[ �[,1 Vlqfh wkh GI0uhjuhvvlrq lv khwhurvfhgdvwlf/ wklv lv qrw srvvleoh dqg

dq| sursruwlrqdo cghjuhhv ri iuhhgrp dgmxvwphqw* diwhu GI0uhjuhvvlrqv zlwk grxeoh0hqwu|

gdwd pd| ohdg wr lqdssursuldwh vwdqgdug huuruv1 Rxu vlpxodwlrqv ehorz uhyhdo wkdw wkh

fruuhfw hvwlpdwlrq edvhg rq Uhvxow 4 fdq ghyldwh txlwh vxevwdqwldoo| iurp wkdw ri d cghjuhhv

ri iuhhgrp dgmxvwphqw*1

Zkloh zh hvwdeolvkhg wkh dv|pswrwlf glvwulexwlrq ri a� xvlqj d JPP iudphzrun/ dowhu0

qdwlyh ghulydwlrqv duh dovr srvvleoh1 Lq sduwlfxodu/ wkh yduldqfh hvwlpdwru lq Uhvxow 4 fdq

dovr eh lqwhusuhwhg dv d prgl�fdwlrq ri wkh khwhurvfhgdvwlflw|0frqvlvwhqw ru curexvw* frydul0

dqfh hvwlpdwruv wkdw duh frpprqo| xvhg zkhq ROV lv dssolhg wr gdwd zlwk xqnqrzq khw0

hurvfhgdvwlflw| +Qhzh| dqg Zhvw 4<;:> Zklwh 4<;3,1 Wklv lqwhusuhwdwlrq lv xvhixo ehfdxvh

wkh yduldqfh hvwlpdwru lq Uhvxow 4 qrw rqo| surylghv phdqv wr dffrxqw iru wkh sduwlfxodu0

lwlhv ri grxeoh0hqwu| wzlq gdwd/ exw lw dovr dffrpprgdwhv pruh jhqhudo irupv ri xqnqrzq

khwhurvfhgdvwlflw|1 Wklv ihdwxuh lv d zhofrph vlgh0h�hfw ri Uhvxow 4 zkhq GI0dqdo|vhv duh

dssolhg wr wudlwv zkrvh glvwulexwlrq lv ohvv czhoo0ehkdyhg* dv wkh dgglwlyh jhqhwlf prgho vxj0

jhvwv1 Lq Vhfwlrq 8 zh lqyhvwljdwh erg| pdvv lqgh{ dv rqh h{dpsoh ri d khwhurvfhgdvwlf wudlw1

Dowhuqdwlyh h{dpsohv duh elqdu| ru fhqvruhg revhuydwlrq zkhuh wkh glvwulexwlrq ri wkh wudlw

xvxdoo| vxjjhvwv wkh dssolfdwlrq ri dowhuqdwlyh phwkrgv +Nrkohu dqg Urgjhuv 4<<<,1

616 H!flhqw Hvwlpdwlrq zlwk Grxeoh0Hqwu| Gdwd

Lq Vhfwlrq 5 zh kdyh srlqwhg rxw wkh khwhurvfhgdvwlflw| ri GI0uhjuhvvlrqv wkdw lv gxh wr wkh

idfw wkdw d fr0wzlq*v wudlw lv d ehwwhu suhglfwru ri wkh suredqg*v wudlw lq P] wzlq sdluv dv

frpsduhg wr G] wzlq sdluv zkhqhyhu k2 A 31 Wkh vdph khwhurvfhgdvwlflw| shuvlvwv lq wkh
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JPP iudphzrun deryh/ zkhuh wkh yduldqfh ri wkh prphqw uhvwulfwlrq H^{�
�%�%

�
�{� ` lv gl�huhqw

ehwzhhq P] dqg G] wzlqv18 Wklv khwhurvfhgdvwlflw| grhv qrw d�hfw wkh frqvlvwhqf| ri �GI/

dqg lq Uhvxow 4 zh surylgh dq hvwlpdwru iru wkh fryduldqfh pdwul{ ri �GI wkdw dffrxqwv

iru wklv khwhurvfhgdvwlflw|1 Qhyhuwkhohvv/ dq dqdorj| zlwk uhjuhvvlrq dqdo|vlv vxjjhvwv wkdw

zh pd| eh deoh wr lpsuryh wkh h!flhqf| ri GI0dqdo|vlv zlwk dowhuqdwlyh hvwlpdwru/ txlwh

vlplodu wr wkh zhoo0nqrzq idfw wkdw d zhljkwhg uhjuhvvlrq�zlwk zhljkwv htxdo wkh lqyhuvh ri

wkh uhvlgxdo yduldqfh�lv pruh h!flhqw lq wkh suhvhqfh ri khwhurvfhgdvwlflw| wkdq vwdqgdug

ROV1

Lq rughu wr ghulyh dq ch!flhqw GI0dqdo|vlv*/ zh ghqrwh dv 	+}�, @ H^{�
�%�%

�
�{� m}� ` wkh

fryduldqfh pdwul{ ri wkh prphqw uhvwulfwlrqv +9, frqglwlrqdo rq wkh }|jrvlw| ri d wzlq sdlu1

Ehfdxvh wkhvh fryduldqfh pdwulfhv 	+}�, duh qrw ri ixoo udqn lq wkh vxevhw ri P] ru G]

wzlqv/ zh ghqrwh lq wklv Vhfwlrq dv 	+}�,3 wkh Prruh0Shqurvh lqyhuvh/ ru svhxgr0lqyhuvh/ ri

	+}�,1

Iroorzlqj wkh cjhqhudo h!flhqf| iudphzrun* lq Qhzh| dqg PfIdgghq +4<<7,/ d pruh

h!flhqw hvwlpdwru fdq eh ghulyhg e| vshfli|lqj wkh prphqw frqglwlrq

H^H+{
�
�{� m}�,	+}�,3{�

�%� ` @ 3= +<,

Wklv prphqw frqglwlrq lv d zhljkwhg yhuvlrq ri rxu hduolhu frqglwlrq lq htxdwlrq +9,/ dqg

wkh zhljkwv ghshqg rq wkh }|jrvlw|0vshfl�f fryduldqfh pdwul{ 	+}�, ri wklv hduolhu prphqw

frqglwlrq1 Vlqfh wkh hvwlpdwlrq ri � edvhg rq +<, lqyroyhv wkh xqnqrzq fryduldqfh pdwulfhv

	+}�,/ wklv h!flhqw hvwlpdwru qhhgv wr eh lpsohphqwhg yld d wzr0vwhs surfhgxuh1 Lq wkh �uvw

vwhs d frqvlvwhqw�exw lqh!flhqw�hvwlpdwru iru � lv xvhg/ vxfk dv iru lqvwdqfh wkh vwdqgdug

grxeoh0hqwu| GI0uhjuhvvlrq dqdo|}hg lq wkh suhylrxv Vhfwlrq1 Wkh uhvlgxdov ri wklv lqlwldo

hvwlpdwlrq fdq wkhq eh xvhg wr hvwlpdwh 	+}�,1 Wkh vhfrqg vwhs wkhq uhhvwlpdwhv � edvhg

rq wkh zhljkwhg prphqw frqglwlrq +<, xvlqj wkh hvwlpdwh ri 	+}�, rewdlqhg lq wkh �uvw vwhs1

Wkh dv|pswrwlf htxlydohqfh ri vxfk d wzr0vwhs dssurdfk wr wkh dfwxdo nqrzohgjh ri 	+}�,

lv rqh fhqwudo lqvljkw ri JPP dqg uhodwhg phwkrgv +h1j1/ vhh Qhzh| dqg PfIdgghq 4<<7

iru d irupdo glvfxvvlrq,1

8 Lq wkh fdvh ri vwdqgdug GI dqdo|vlv zlwkrxw dgglwlrqdo fryduldwhv lw lv srvvleoh wr vroyh iru ,d%��0�0
�
�%� o

h{solflwho| lq whupv ri j2�/ 4E5��/ dqg rwkhu kljkhu0rughu prphqwv ri wkh mrlqw glvwulexwlrq ri E���c �2��
�1

Krzhyhu/ wklv vroxwlrq lv fxpehuvrph dqg qrw sduwlfxoduo| lqirupdwlyh/ dqg lw lv wkhuhiruh qrw uhsruwhg khuh1
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Wkh hpslulfdo frxqwhusduw ri wkh prphqw uhvwulfwlrq lq +<, lv jlyhq e|

4

q
^[ �

P][P]
aV3
P][

�
P]+\P] �[P]�, .[ �

G][G]
aV3
G][

�
G]+\G] �[G]�,` @ 3>

zkhuh aV3
P] dqg aV3

G] duh wkh Prruh0Shqurvh lqyhuvhv ri aVG] @ ^
S

doo G] wzlq sdluv {
�
�ah�ah

�
�{� ` dqg

aVP] @ ^
S

doo P] wzlq sdluv {
�
�ah�ah

�
�{�`/ ah� duh wkh uhvlgxdov rewdlqhg iurp d frqvlvwhqw �uvw0vwhs

hvwlpdwlrq ri �/ dqg wkh vxevfulsw cP]* ru cG]* rq \ dqg [ ghqrwhv wkh idfw wkdw wkhvh

pdwulfhv frqwdlq rqo| wkh prqr}|jrwlf ru gl}|jrwlf wzlq sdluv lq wkh vdpsoh1 Wkh hvwlpdwru

iru � wkdw vroyhv wklv hpslulfdo prphqw frqglwlrq lv

a�JPP @ K3�+[ �
P][P]

aV3
P][

�
P]\P] .[ �

G][G]
aV3
G][

�
G]\G],/ zkhuh +43,

K @ +[ �
P][P]

aV3
P][

�
P][P] .[ �

G][G]
aV3
G][

�
G][G],= +44,

Wkh dv|pswrwlf glvwulexwlrq ri a�JPP iroorzv gluhfwo| iurp wkh vwdqgdug JPP wkhru|=

Uhvxow 5 +h!flhqw GI hvwlpdwlrq, Wkh hvwlpdwru a�JPP gh�qhg lq +43, lv dv|pswrwl0

fdoo| glvwulexwhg dv a�JPP
@�$ Q+�>K3�,/ zkhuh K lv gh�qhg lq +44, deryh1 Wklv hvwlpdwru

lv h!flhqw lq wkh fodvv ri plqlpxp glvwdqfh hvwlpdwruv +zklfk lqfoxghv doo zhljkwhg uhjuhv0

vlrq dqdo|vhv,1

Wkh JPP hvwlpdwru a�JPP lv pruh h!flhqw wkdq wkh vwdqgdug GI�hvwlpdwru a�GI lq wkh

vhqvh wkdw wkh gl�huhqfh lq wkh fryduldqfh pdwulfhv ri wkhvh wzr hvwlpdwruv/ dv|1ydu+a�GI,�dv|1ydu+a�JPP,/

lv srvlwlyh vhpl0gh�qlwh1 Lq odujh vdpsohv a�JPP lv wkhuhiruh htxlydohqw ru suhihudeoh wr wkh

vwdqgdug GI0uhjuhvvlrq1 Wkh h!flhqw hvwlpdwlrq lq Uhvxow 5 lv forvho| uhodwhg wr vlplodu hi0

�flhqw JPP hvwlpdwruv sursrvhg e| Lp +4<<;, dqg Fudjj +4<;6, iru khwhurvfhgdvwlf gdwd1

Krzhyhu/ rxu dssurdfk dgglwlrqdoo| dffrxqwv iru wkh wzlq0vwuxfwxuh lq zklfk rqo| revhuyd0

wlrqv rq wzlq sdluv/ dqg qrw rq lqglylgxdov/ fdq eh wuhdwhg dv lqghshqghqw revhuydwlrqv1

Lw wxuqv rxw/ krzhyhu/ wkdw a�JPP dqg a�GI kdyh wkh vdph dv|pswrwlf glvwulexwlrq lq

wkh cdxjphqwhg GI0prgho*1 Wklv iuhtxhqwo| xvhg yhuvlrq ri wkh GI0uhjuhvvlrq lv zlwkrxw

dgglwlrqdo fryduldwhv/ dqg wkh uljkw0kdqg0vlgh yduldeohv rqo| frqvlvw ri d frqvwdqw/ wkh fr0

wzlq*v ydoxh wr wkh wudlw/ wkh ghjuhh ri jhqhwlf uhodwhgqhvv dqg lwv lqwhudfwlrq ehwzhhq wkh

fr0wzlq*v wudlw ydoxh +vhh Vhfwlrq 5,1 Wkh dv|pswrwlf glvwulexwlrq ri wkh frh!flhqwv a�GI lv

jlyhq lq Uhvxow 4/ dqg lwv dv|pswrwlf yduldqfh lv qrw lpsuryhg e| xvlqj wkh JPP hvwlpdwru

lq Uhvxow 51
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Wklv �qglqj fdq eh vhhq e| fkrrvlqj d uhsdudphwhul}dwlrq ri wkh GI0prgho wkdw lv

vwdwlvwlfdoo| htxlydohqw wr wkh dxjphqwhg GI0prgho1 Ghqrwh dv 4P]+}�, wkh lqglfdwru ydul0

deoh wkdw htxdov rqh li d wzlq sdlu lv prqr}|jrwlf dqg ohw 4G]+}�, eh wkh fruuhvsrqglqj

lqglfdwru iru gl}|jrwlf wzlqv1 Wkh dxjphqwhg GI0prgho lv vwdwlvwlfdoo| htxlydohqw wr uh0

juhvvlqj +lq grxeoh0hqwu| gdwd, wkh �uvw wzlq*v wudlw z�� rq �{�� @ +4P]+}�,/ 4P]+}�,z2� /

4G]+}�,/ 4G]+}�,z2�,1 Wkh sdudphwhuv lq wklv prgl�hg prgho wkhuhiruh hvwlpdwh wkh phdq

dqg wkh zlwklq wzlq0sdlu fruuhodwlrq ri wkh wudlw z�� vhsdudwho| iru P] dqg G]1 Wkh sd0

udphwhuv wkhuhiruh qr orqjhu kdyh wkh lqwhusuhwdwlrq ri f2 dqg k2 dv lq wkh GI0prgho/ exw

vwdwlvwlfdoo| wklv vhfrqg prgho lv htxlydohqw wr wkh dxjphqwhg GI0prgho1 Lq wklv prgl�hg

uhjuhvvlrq lw lv fohdu wkdw wkhuh lv qr h!flhqf| jdlq lq hvwlpdwlqj wkh prgho zlwk gdwd wkdw

frpelqhv erwk P] dqg G] wzlq sdluv�wkh �uvw wzr sdudphwhu frxog htxdoo| zhoo eh hvwl0

pdwhg xvlqj rqo| wkh P] wzlq sdluv/ dqg wkh odwwhu xvlqj rqo| wkh G] wzlq sdluv1 Krzhyhu/

wkh sureohp ri khwhurvfhgdvwlflw| lv devhqw zlwklq wkh vxevhw ri rqo| P] ru G] wzlqv1 Vlqfh

wkh JPP hvwlpdwru lq Uhvxow 5 lv htxlydohqw wr ROV lq wkh devhqfh ri khwhurvfhgdvwlflw|/

lw lv fohdu wkdw wkh dxjphqwhg GI0prgho lv qrw lpsuryhg e| dgrswlqj wkh JPP hvwlpdwru

a�JPP 1

Lq dssolfdwlrqv ri GI0dqdo|vlv zkhuh dgglwlrqdo fryduldwhv duh lqfoxghg dprqj wkh h{0

sodqdwru| yduldeohv�vxfk dv revhuyhg hqylurqphqwdo gl�huhqfhv ehwzhhq wkh wzlqv ru vh{ lq

whvwv iru jhqghu gl�huhqfhv�wkh wzr hvwlpdwruv a�JPP dqg a�GI zloo xvxdoo| qrw eh htxlyd0

ohqw dqg wkh h!flhqf| ri wkh hvwlpdwhv fdq eh lpsuryhg e| xvlqj rxu JPP edvhg ch!flhqw

GI0hvwlpdwru*1 Rxu vlpxodwlrqv lq wkh qh{w Vhfwlrq zloo uhyhdo wkh h{whqw wr zklfk vxfk

h!flhqf| jdlqv duh wr eh h{shfwhg zlwk gdwd1 Krzhyhu/ vlqfh wkh frpsxwdwlrq ri a�JPP lv

qrw pxfk pruh frpsolfdwhg wkdw wkdq wkdw ri a�GI/ wkh iruphu lv dovr hdvlo| lpsohphqwhg

dqg gluhfwo| frpsduhg zlwk wkh odwwhu1

7 Vlpxodwlrq

Lq wklv Vhfwlrq zh dsso| wkh dxjphqwhg GI0prgho wr vlpxodwhg gdwd dqg frpsduh wkh

vwdqgdug huuruv jlyhq lq Uhvxow 4 zlwk d ghjuhhv ri iuhhgrp dgmxvwphqw dqg d errwvwuds

hvwlpdwh ri wkhvh vwdqgdug huuruv1 Zh fkrrvh wkuhh gl�huhqw ohyhov ri f2 dqg k2 lq wkhvh

vlpxodwhg gdwd lq rughu wr dvvhvv wkh lpsruwdqfh ri d fruuhfw yduldqfh hvwlpdwlrq lq d frqwh{w
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Wdeoh 4= Vxppdu| vwdwlvwlfv iru wkh hvwlpdwhg f2 dqg k2 lq vlpxodwlrqv

Hvwlpdwhg ydoxh ri Hvwlpdwhg vwg1 huuruv ri
f2 k2 f2 k2

Vlpxodwlrq 4= H^f2` @ =48 H^k2` @ =48
phdq 3146;8 3148;7 314593 3149:5
4vw txduwloh 313836 31366: 314556 314946
phgldq 31478< 314756 31458: 314996
6ug txduwloh 315649 315:;7 3145<: 314:63

Vlpxodwlrq 5= H^f2` @ =48 H^k2` @ =68
phdq 3146;; 3168:< 314488 31479<
4vw txduwloh 313893 31583< 314447 314745
phgldq 314784 3166<9 314486 31479<
6ug txduwloh 315539 31793< 3144<4 314855

Vlpxodwlrq 6= H^f2` @ =58 H^k2` @ =8
phdq 3156<5 3183;7 313<4< 314396
4vw txduwloh 314:78 3175<7 313;:6 314347
phgldq 3157:7 317<4; 313<4; 314396
6ug txduwloh 316396 318;68 313<98 314439

zlwk +d, uhodwlyho| orz khulwdelolw| dqg vkduhg hqylurqphqwdo lq xhqfhv/ dqg +e, d prghvw

dqg kljk lpsruwdqfh ri jhqhwlf dqg vkduhg hqylurqphqwdo lq xhqfhv rq d wudlw1

Wkh vlpxodwhg gdwd frqvlvw ri 633 G] dqg 533 P] wzlq sdluv1 Zh �uvw jhqhudwh wzr l1l1g1

Q+3> 4, glvwulexwhg udqgrp yduldeohv iru hdfk wzlq sdlu dqg wkhq fdofxodwh wkh uhdol}dwlrqv

ri wkh wudlw z�� dqg z2� dv d olqhdu frpelqdwlrq ri wkhvh udqgrp yduldeohv1 Zh fkrrvh wklv

olqhdu frpelqdwlrq vr wkdw wkh wudlw z�� kdv dq h{shfwhg ydoxh ri }hur/ d yduldqfh ri rqh/ dqg

d fruuhodwlrq zlwklq wzlq sdluv ri �+}�, @ f2 .k2U+}�,/ zkhuh U+}�, htxdov rqh iru P] dqg

318 iru G] wzlqv1 Zh fuhdwh 433 uhdol}dwlrqv ri wklv gdwd0vhw dqg wkhq dsso| wkh dxjphqwhg

GI�uhjuhvvlrq zlwk gl�huhqw hvwlpdwruv ri wkh vwdqgdug huuruv wr wkhvh gdwd1 Zh irfxv rxu

glvfxvvlrq rq wkh wzr sulpdu| sdudphwhuv ri lqwhuhvw lq wkhvh GI0uhjuhvvlrqv/ qdpho| wkh

khulwdelolw| k2 dqg wkh vkduhg hqylurqphqw lq xhqfh f21

Wkh h{shfwhg ydoxhv ri f2 dqg k2 lq wkh wkuhh gl�huhqw vlpxodwlrq vshfl�fdwlrqv duh +d,

H+f2, @ =48/ H+k2, @ =48 +orz lq xhqfh ri jhqhwlf dqg vkduhg hqylurqphqwdo idfwruv,/ +e,

H+f2, @ =48/ H+k2, @ =68 +prghudwho| vwurqj jhqhwlf lq xhqfh rq wudlw,/ dqg +f, H+f2, @ =58/

H+k2, @ =8 +uhodwlyho| kljk lq xhqfh ri jhqhwlf dqg vkduhg hqylurqphqwdo idfwruv,1 Wdeoh 4

uhsruwv vxppdu| vwdwlvwlfv ri wkh hvwlpdwhg ydoxhv ri f2 dqg k2 wkdw zhuh rewdlqhg iurp wkhvh

vlpxodwhg gdwd1 Rq dyhudjh/ wkh hvwlpdwhv ri f2 dqg k2 duh txlwh forvh wr wkh xqghuo|lqj
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h{shfwhg ydoxhv/ exw dw wkh vdph wlph wkhuh duh vxevwdqwldo  xfwxdwlrqv lq wkhvh hvwlpdwhv

fdxvhg e| udqgrp yduldwlrqv lq wkh vlpxodwhg gdwd vhwv1 Wkh deryh Wdeoh dovr vxppdul}hv

wkh vwdqgdug huuruv dvvrfldwhg zlwk wkh hvwlpdwhv ri f2 dqg k2 +wkh vwdqgdug huuruv duh

edvhg rq Uhvxow 4,1

Wkh frpsdulvrq ri wkhvh vwdqgdug huuruv zlwk dowhuqdwlyh hvwlpdwhv edvhg rq errwvwudsv

ri wkh vlpxodwhg gdwd9 dqg rq d ghjuhhv0ri0iuhhgrp dgmxvwphqw ri wkh grxeoh hqwu| uhvxowv:

lv jlyhq lq Iljxuh 41 Wkh er{sorwv rq wkh ohiw0kdqg vlgh ri wklv Iljxuh vkrz wkh udwlr ri

wkh errwvwudsshg vwdqgdug huuruv wr wkh dv|pswrwlf vwdqgdug huuruv rewdlqhg iurp Uhvxow

41 Wkh judskv uhyhdo d yhu| kljk djuhhphqw ri wkh dv|pswrwlf vwdqgdug huuruv zlwk wkh

uhvshfwlyh errwvwuds hvwlpdwhv1 Rq dyhudjh wkh wzr hvwlpdwhv djuhh doprvw frpsohwho|/

dqg lq prvw vlpxodwlrqv wkh ghyldwlrq lv ohvv wkdq 8(1 Vxfk ghyldwlrqv duh wr eh h{shfwhg

vlqfh wkh errwvwuds lv lq lwvhoi d udqgrp surfhvv wkdw lv vxemhfw wr vdpsolqj yduldwlrq1

Wkhvh errwvwuds hvwlpdwhv wkhuhiruh vxssruw wkh dujxphqw wkdw wkh codujh0vdpsoh wkhru|*/

zklfk xqghuolhv wkh dv|pswrwlf uhvxowv lq Vhfwlrq 6/ surylghv d jrrg dssur{lpdwlrq iru wkh

surshuwlhv ri wkh hvwlpdwru douhdg| lq vdpsohv zlwk derxw 833 wzlq sdluv1

Pruh uhohydqw duh wkh er{sorwv rq wkh uljkw0kdqg vlgh ri Iljxuh 4/ zklfk ghslfw wkh

udwlr ri wkh ghjuhhv0ri0iuhhgrp dgmxvwhg vwdqgdug huuruv wr wkh dv|pswrwlf vwdqgdug huuruv1

Lq Vlpxodwlrq 4/ zkhuh erwk jhqhwlf dqg vkduhg hqylurqphqwdo idfwruv kdyh rqo| d vpdoo

lq xhqfh rq wkh wudlw/ wkh wzr hvwlpdwhv gl�hu rqo| wr d prghvw h{whqw1 Wkh ghjuhhv0

ri0iuhhgrp dgmxvwphqw |lhogv jhqhudoo| odujhu hvwlpdwhv iru wkh vwdqgdug huuruv/ exw wkh

ryhuhvwlpdwh lv txlwh prghvw dqg xvxdoo| ohvv wkdq 43(1

Wkh h{whqw wr zklfk wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw ryhuhvwlpdwhv wkh dv|pswrwlf

vwdqgdug huuruv lqfuhdvhv lq Vlpxodwlrq 5/ zklfk lv edvhg rq d prghvw khulwdelolw| ri Hk2 @

=68 dqg d uhodwlyho| vpdoo uhohydqfh ri vkduhg hqylurqphqwdo idfwruv ri H f2 @ =481 Wkh

er{sorw frq�upv rxu hduolhu dujxphqwv wkdw d sursruwlrqdo lqfuhdvh ri vwdqgdug huuruv lv

qrw rswlpdo lq GI0dqdo|vhv vlqfh wkh uhjuhvvlrq lv khwhurvfhgdvwlf1 Lq Vlpxodwlrq 5/ wkh

ghjuhhv0ri0iuhhgrp dgmxvwphqw ryhuhvwlpdwhv wkh vwdqgdug huuruv ri k2 vxevwdqwldoo| pruh

wkdq wkrvh ri f2= wkh ryhuhvwlpdwh iru k2 lv prvwo| ehwzhhq 43�4; shufhqw/ zkloh wkdw iru f2

9Wkh errwvwuds hvwlpdwhv duh edvhg rq 483 udqgrp gudzlqjv +zlwk uhsodfhphqw, ri wzlq sdluv lq hdfk ri

wkh vlpxodwhg gdwd vhwv1
:Wkh yduldqfh0fryduldqfh pdwul{ rewdlqhg diwhu wkh uhjuhvvlrq zlwk grxeoh0hqwu| gdwd zdv pxowlsolhg e|

d idfwru ri 5/ ru htxlydohqwo|/ wkh vwdqgdug huuruv zhuh lqfuhdvhg e| d idfwru ri
I
21
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Simulation 1: E[c2]=.15, E[h2]=.15
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degrees of freedom adjustment

Comparison of estimated std. errors with

0.
9

1.
0

1.
1

c2 h2

Simulation 2: E[c2]=.15, E[h2]=.35

1.
0

1.
1

1.
2

c2 h2

Simulation 2: E[c2]=.15, E[h2]=.35

0.
9

1.
0

1.
1

c2 h2

Simulation 3: E[c2]=.25, E[h2]=.5
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Simulation 3: E[c2]=.25, E[h2]=.5

Iljxuh 4= Frpsdulvrq ri vwdqgdug huuruv rq wkh edvlv ri Uhvxow 4 zlwk hvwlpdwhv edvhg
rq errwvwudsv dqg d ghjuhhv ri iuhhgrp dgmxvwphqw1 Wkh er{sorwv vkrz wkh udwlr ri wkh
errwvwudsshg dqg ghjuhhv ri iuhhgrp dgmxvwhg vwdqgdug huuruv ri f2 dqg k2 wr wkh dv|pswrwlf
vwdqgdug huuruv hvwdeolvkhg lq Uhvxow 4
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lv prvwo| ehwzhhq 8�43 shufhqw1

Wklv sdwwhuq lv hyhq pruh surqrxqfhg lq Vlpxodwlrq 6/ zklfk uhsuhvhqwv vlwxdwlrqv zlwk

prghvw vkduhg hqylurqphqwdo lq xhqfhv dqg vwurqj jhqhwlf lq xhqfhv rq d wudlw +H f2 @ =58/

Hk2 @ =8,1 Wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw ryhuhvwlpdwhv djdlq wkh vwdqgdug huuruv

dvvrfldwhg zlwk f2 dqg k2/ dqg wkh h{whqw ri wklv ryhuhvwlpdwh kdv ixuwkhu lqfuhdvhg1 Pruh0

ryhu/ wkh glyhujhqfh ehwzhhq wkh frh!flhqwv f2 dqg k2 kdv ehfrph vwurqjhu1 Wkh vwdqgdug

huuru ri k2 whqgv wr eh ryhuhvwlpdwhg e| 65�73(/ zkloh wkrvh ri f2 duh �rqo|� ryhuhvwlpdwhg

e| 46�53(1

Dowkrxjk wkh hvwlpdwhv iru f2 dqg k2 duh ri sulpdu| lqwhuhvw lq d GI0dqdo|vlv/ lw lv

zruwk phqwlrqlqj wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw dovr ryhuhvwlpdwhv wkh vwdqgdug

huuruv ri wkh uhpdlqlqj frh!flhqwv �f +frqvwdqw whup, dqg �2 +frh!flhqw rq U+}�,, lq wkh

dxjphqwhg GI0dqdo|vlv1 Wkhvh ryhuhvwlpdwhv fdq eh txlwh vxevwdqwldo dqg udqjh iurp dq

dyhudjh 98( lq Vlpxodwlrq 4 wr dq dyhudjh ri 433( lq Vlpxodwlrq 61 Dw wkh vdph wlph/ wkh

dv|pswrwlf vwdqgdug huuruv iru �f dqg �2 frqirup yhu| zhoo zlwk wkh uhvshfwlyh hvwlpdwhv

rewdlqhg iurp errwvwudsslqj wkh gdwd1

Wkh frpsdulvrq ehwzhhq wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw dqg wkh dv|pswrwlfdoo| fru0

uhfw hvwlpdwlrq ri wkh vwdqgdug huuruv fdq eh lqwhusuhwhg lq wzr gluhfwlrqv1 Wkh �uvw lqwhu0

suhwdwlrq hpskdvl}hv wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw whqgv wr eh frqvhuydwlyh dqg

surylghv vwdqgdug huuruv wkdw h{fhhg wkh fruuhfw ydoxhv1 D uhvhdufkhu wkhuhiruh zrxog qrw

huurqhrxvo| lqwhusuhw dq hvwlpdwhg jhqhwlf ru vkduhg hqylurqphqwdo lq xhqfh dv vwdwlvwlfdoo|

vljql�fdqw/ dqg vkh zrxog uhsruw s0ydoxhv wkdw whqg wr xqghuvwdwh wkh wuxh vljql�fdqfh1

Wkh dowhuqdwlyh lqwhusuhwdwlrq hpskdvl}hv wkdw wkh ryhuhvwlpdwhv e| d ghjuhhv0ri0iuhhgrp

dgmxvwphqw fdq eh ri d pdjqlwxgh wkdw vxevwdqwldoo| uhgxfhv wkh srzhu wr ghwhfw vljql�fdqw

jhqhwlf ru vkduhg hqylurqphqwdo idfwruv1 Lq pdq| fdvhv lw pd| eh wkdw wkh h{djjhudwlrq

ri wkh vwdqgdug huuruv uhqghuv dq hvwlpdwh ri f2 ru k2 vwdwlvwlfdoo| lqvljql�fdqw/ dqg wkh

uhvhdufkhu pd| idlo wr lqihu uhohydqw jhqhwlf ru hqylurqphqwdo lq xhqfhv1 Dgrswlqj dq

dv|pswrwlfdoo| fruuhfw hvwlpdwh ri wkh vwdqgdug huuruv lv wkhuhiruh qrw rqo| pruh vdwlvidfwru|

iurp d vwdwlvwlfdo vwdqgsrlqw/ exw lw lv dovr idflolwdwhv wkh vwdwlvwlfdo lghqwl�fdwlrq ri uhohydqw

jhqhwlf dqg hqylurqphqwdo lq xhqfhv1 Wkh vlpxodwlrq uhvxowv vxjjhvw wkdw wkh jdlqv iurp

dgrswlqj wkh dv|pswrwlf hvwlpdwhv vxevwdqwldoo| rxwzhljk wkh frpsxwdwlrqdo frvwv dqg wkh

uholdqfh rq odujh0vdpsoh wkhru| lq wkh ghulydwlrq ri wkh dv|pswrwlf glvwulexwlrq1
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Lq Wdeoh 5 zh surylgh d frpsdulvrq ri wkh ch!flhqw GI0dqdo|vlv* ghyhorshg lq Vhfwlrq 616

zlwk wkh vwdqgdug GI0dqdo|vlv xvlqj wkh fruuhfw vwdqgdug huuruv lq Uhvxow 41 Wkh dqdo|vlv

lv edvhg rq rxu hduolhu cVlpxodwlrq 6*/ dxjphqwhg e| dq revhuyhg qrq0vkduhg hqylurqphqwdo

h�hfw �H1 Zh jhqhudwh wklv h�hfw yld d wzlq vshfl�f Q+3> 4, udqgrp yduldeoh zlwk lv dgghg

wr wkh wudlw z�� yld d frh!flhqw �{. @ 3=51 Wkh gl�huhqfh �H lq wkh revhuyhg hqylurqphqw

lv wkhq fdofxodwhg dv wkh gl�huhqfh ri wkhvh wzr udqgrp yduldeohv1 Zh uhgxfh wkh vdpsoh

vl}h wr 4;3 G] dqg 453 P] wzlqv lq wklv vlpxodwlrq ehfdxvh wkh frh!flhqw k2 lq wkh fdvh

ri uhodwlyho| kljk khulwdelolw| lv yhu| dffxudwho| hvwlpdwhg douhdg| lq vpdoohu vdpsohv1

Wkh wrs sdqho ri Wdeoh 5 surylghv vxppdu| vwdwlvwlfv ri wkh hvwlpdwhg frh!flhqwv dqg

wkhlu vwdqgdug huuruv zkhq wkh dxjphqwhg GI prgho lv dssolhg wr wkhvh gdwd1 Li wkh gli0

ihuhqfh lq wkh hqylurqphqw lv dffrxqwhg iru/ wkh hvwlpdwhg sdudphwhuv�rq dyhudjh�djuhh

djdlq zlwk wkhlu h{shfwhg ydoxhv1 Li wkh hqylurqphqwdo gl�huhqfh kdg qrw ehhq dffrxqwhg

iru/ wkh hvwlpdwh f2 zrxog kdyh ehhq uhgxfhg e| derxw 53( rq dyhudjh1

Wkh erwwrp sdqho ri Wdeoh 5 uhsruwv wkh uhvshfwlyh frh!flhqw dqg vwdqgdug huuruv

rewdlqhg iurp wkh h!flhqw GI0dqdo|vlv edvhg rq JPP1 Lw lv txlwh dssduhqw wkdw wkh h!flhqw

dqdo|vlv kdv doprvw qr h�hfw rq wkh hvwlpdwhg frh!flhqwv lwvhoi�qrw vxusulvlqj jlyhq wkdw

erwk dqdo|vlv surylgh frqvlvwhqw hvwlpdwhv ri wkh uhvshfwlyh frh!flhqwv�dqg lw lv wkhuhiruh

gl!fxow wr udqn wkh wzr phwkrgv lq whupv ri wkhlu hvwlpdwhg frh!flhqwv1 Dv h{shfwhg/

wkh JPP hvwlpdwlrq ohdgv wr vpdoohu vwdqgdug huuruv ri wkh frh!flhqwv gxh wr d jdlq lq

h!flhqf|/ exw wkh uhgxfwlrqv lq wkh hvwlpdwhg vwdqgdug huuruv ri wkh frh!flhqwv f2 dqg k2

duh yhu| prghvw1

Lq vxppdu|/ wkh vlpxodwlrqv lq wklv Vhfwlrq vxjjhvw wkdw wkh fruuhfw hvwlpdwlrq ri vwdq0

gdug huuruv lq GI0dqdo|vlv lv ri frqvlghudeoh lpsruwdqfh1 Ghshqglqj rq wkh vwuhqjwk ri

jhqhwlf dqg vkduhg hqylurqphqwdo lq xhqfhv rq wkh wudlw ydoxh/ wkh ghjuhhv0ri0iuhhgrp dg0

mxvwphqw fdq ohdg wr ryhuhvwlpdwhv ri wkh vwdqgdug huuruv h{fhhglqj 63( iru wkh pdlq

sdudphwhuv ri lqwhuhvw1 Dowkrxjk wkhvh ryhuhvwlpdwhv zloo jhqhudoo| qrw ohdg wr dq huur0

qhrxv lqihuhqfh ri jhqhwlf ru vkduhg hqylurqphqwdo lq xhqfhv rq d wudlw/ wkh srzhu ri wkh

GI0dqdo|vlv wr ghwhfw khulwdeoh wudlwv lv vxevwdqwldoo| uhgxfhg e| wklv ryhuhvwlpdwlrq ri wkh

vwdqgdug huuruv1 Wkh dv|pswrwlf vwdqgdug huuruv hvwdeolvkhg lq Vhfwlrq 615 dyrlg wklv corvv ri

vwdwlvwlfdo srzhu*1 Pruhryhu/ wkhvh dv|pswrwlf uhvxowv frpsduh yhu| zhoo zlwk hvwlpdwhv ri

wkh vwdqgdug huuruv wkdw duh ghulyhg wkurxjk errwvwudsslqj ri wkh gdwd1 Wkh codujh0vdpsoh
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Wdeoh 5= Frpsdulvrq ri h!flhqw GI0hvwlpdwlrq zlwk vwdqgdug GI0uhjuhvvlrq +Vlpxodwlrq
lv edvhg rq wkh vhwwlqjv ri cVlpxodwlrq 6* zlwk dq dgglwlrqdodo revhuyhg qrqvkduhg hqylurq0
phqwdo lq xhqfhv,

Hvwlpdwhg ydoxh ri Hvwlpdwhg vwg1 huuruv ri
f2 k2 �{. f2 k2 �{.

GI0dqdo|vlv H^f2` @ =48 H^k2` @ =48 H^�{. ` @ =5
phdq 3158;< 317<54 315345 314478 31465; 3135<4
4vw txduwloh 314;:6 316<97 314:;8 3143;6 314584 3135:;
phgldq 3158:6 31835; 314<;4 314473 314659 3135<4
6ug txduwloh 3165<6 318:55 315533 31453< 314743 313636

h!flhqw GI0dqdo|vlv
phdq 3158:: 317<:6 315376 314476 314656 3135;6
4vw txduwloh 314;<4 316<97 314;39 3143;6 314578 3135:4
phgldq 315896 318473 315356 31446< 31463; 3135;7
6ug txduwloh 316637 318;35 315563 31453: 31473< 3135<9

wkhru|* xvhg wr hvwdeolvk wkhvh dv|pswrwlf vwdqgdug huuruv wkhuhiruh vhhpv wr eh d jrrg

dssur{lpdwlrq douhdg| lq wzlq vdpsohv ri d prghvw vl}h1

Wkh h!flhqw GI0dqdo|vlv ri Vhfwlrq 616 surylghv dq lpsuryhphqw ri wkh xvxdo uhjuhv0

vlrq dssurdfk zkhq GI0dqdo|vlv lv frpelqhg zlwk dgglwlrqdo fryduldwhv1 Dw wkh vdph wlph/

wkh jdlqv iurp lpsohphqwlqj wklv h!flhqw dqdo|vlv vhhp frqvlghudeo| ohvv uhohydqw wkdq wkh

fruuhfw hvwlpdwlrq ri wkh vwdqgdug huuruv lq GI0uhjuhvvlrqv1 Qhyhuwkhohvv/ vpdoo lpsuryh0

phqwv lq wkh vwdqgdug huuruv ri rxu hvwlpdwhv glg rffxu diwhu wkh lpsohphqwdwlrq ri h!flhqw

JPP0edvhg GI0dqdo|vlv/ dqg lq vrph vwxglhv wkhvh vpdoo jdlqv lq h!flhqf| pd| lpsuryh

wkh dqdo|vlv1

8 Dq Dssolfdwlrq wr Gdqlvk Wzlq Gdwd

Lq rughu wr vxssruw wkh frqfoxvlrq rewdlqhg iurp vlpxodwhg gdwd/ zh dovr dsso| rxu prgl0

�fdwlrqv ri wkh GI0dqdo|vlv wr djh0vwdqgdugl}hg erg| khljkw dqg erg| pdvv lqgh{ +EPL,

ri ihpdoh Gdqlvk wzlqv1 Wkh gdwd frqvlvw ri 9<9 ihpdoh wzlq sdluv zkr zhuh eruq gxulqj

4;<3�4<53 dqg lqwhuylhzhg lq 4<991 Wkhvh gdwd kdyh hduolhu ehhq xvhg e| +Khuvnlqg hw do1

4<<9, lq rughu wr dvvhvv wkh djh0 dqg vh{0vshfl�f khulwdelolw| ri EPL1 Wklv hduolhu vwxg| dovr

frqwdlqv d ghvfulswlrq ri wkh Gdqlvk wzlq uhjlvwhu dqg wkh vxuyh| lq zklfk wkh gdwd zhuh

froohfwhg1
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Wkh uhvsrqghqwv kdyh dq dyhudjh erg| khljkw ri 49316 fp/ zlwk d vwdqgdug ghyldwlrq ri

9137/ dqg wkh| kdyh dq dyhudjh erg| pdvv lqgh{ ri 5816 zlwk d vwdqgdug ghyldwlrq ri 7181

Vlqfh wkh glvwulexwlrq ri EPL lv vnhzhg wr wkh uljkw/ zh iroorz Khuvnlqg hw do1 dqg dsso| wkh

GI0uhjuhvvlrq wr wkh qdwxudo orjdulwkp ri EPL1 Pruhryhu/ zh dovr vwdqgdugl}h khljkw dqg

EPL e| uhjuhvvlqj wkh uhvshfwlyh wudlwv rq d wklug0rughu sro|qrpldo lq djh dqg uhprylqj

dq| djh0gl�huhqfhv lq wkh dyhudjh ydoxh ri wkh wudlwv1;

Khljkw dqg erg| pdvv lqgh{ frqvwlwxwh cfodvvlf* wudlwv iru ehkdylrudo jhqhwlf vwxglhv zlwk

kljk khulwdelolw| dqg orz vkduhg hqylurqphqwdo lq xhqfhv1 Wkhlu dqdo|vlv zlwk GI0dqdo|vlv

lv lqwhuhvwlqj ehfdxvh ri wkh frpsdudelolw| wr vhyhudo rwkhu vwxglhv/ dqg ehfdxvh wkh glvwulex0

wlrq ri wkhvh wudlwv lq rxu gdwd h{klelw vrph vxewoh gl�huhqfhv wkdw d�hfw wkh shuirupdqfh

ri wudglwlrqdo GI0dqdo|vhv zlwk ghjuhhv0ri0iuhhgrp dgmxvwhg vwdqgdug huuruv1 Lq sduwlfx0

odu/ rxu vlpxodwlrqv lq Vhfwlrq 7 kdyh vxjjhvwhg wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw

lq grxeoh0hqwu| GI0dqdo|vlv lv frqvhuydwlyh/ l1h1/ wkdw lw whqgv wr ryhuhvwlpdwh wkh fruuhfw

vwdqgdug huuruv1 Zkloh wklv sdwwhuq krogv zkhq GI0dqdo|vlv lv dssolhg wr erg| khljkw/ lw

lv uhyhuvhg zkhq GI0dqdo|vlv lv dssolhg wr erg| pdvv lqgh{= wkh ghjuhhv0ri0iuhhgrp dg0

mxvwphqw lq wkh EPL dssolfdwlrq xqghuhvwlpdwhv wkh vwdqgdug huuruv gxh wr wkh suhvhqfh

ri dgglwlrqdo khwhurvfhgdvwlflw|1 Wkh dv|pswrwlf vwdqgdug huuruv lq Uhvxow 4/ krzhyhu/ duh

xqd�hfwhg e| wklv dgglwlrqdo khwhurvfhgdvwlflw|/ dqg wkh| frqwlqxh wr |lhog fruuhfw hvwlpdwhv

ri wkh yduldelolw| ri wkh lqihuuhg sdudphwhuv1 Wkh frpsdulvrq ri GI0dqdo|vlv iru khljkw dqg

EPL wkhuhiruh hpskdvl}hv wkh qhhg wr hvwlpdwh vwdqgdug huuruv wkdw duh fruuhfw lq odujh

vdpsohv dqg dovr urexvw djdlqvw ghyldwlrqv iurp wkh dvvxpswlrqv ri wkh xqghuo|lqj jhqhwlf

prgho1

Lq Wdeoh 6 zh �uvw uhsruw wkh uhvxowv rewdlqhg iurp wkh GI0dqdo|vlv ri erg| khljkw1

Prgho 4 xvhv d ghjuhhv0ri0iuhhgrp dgmxvwphqw wr hvwdeolvk wkh vwdqgdug huuruv ri wkh hvwl0

pdwhv/ zkloh Prgho 5 fdofxodwhv wkh dv|pswrwlfdoo| fruuhfw vwdqgdug huuruv rq wkh edvlv ri

Uhvxow 41 Vlqfh wkh gl�huhqfh ehwzhhq wkhvh wzr phwkrgv lv rqo| lq wkh fdofxodwlrq ri wkh

fryduldqfh pdwul{/ erwk prghov |lhog lghqwlfdo frh!flhqwv1 Wkh GI0hvwlpdwhv iru khulwdelo0

lw| djuhh zlwk hduolhu vwxglhv ri erg| khljkw +h1j1/ Fduplfkdho dqg PfJxh 4<<8> Sorplq

4<<3,/ dqg rxu uhvxowv uhyhdo d uhodwlyho| kljk khulwdelolw| +k2 @ 3=97, zlwk yhu| prghvw

;Wkhvh djh0vwdqgdugl}hg wudlwv kdyh d phdq ri 49316 fp +khljkw, dqg 6159 +orj ri EPL,/ dqg d vwdqgdug

ghyldwlrq ri 9134 +khljkw, dqg 31497 +orj ri EPL,1
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Wdeoh 6= Dssolfdwlrq ri GI0dqdo|vlv wr wkh djh0vwdqgdugl}hg erg| zhljkw dqg ihuwlolw| ri
Gdqlvk wzlqv eruq 4<86�96

Phwkrg GI GI GI GI h!flhqw GI
Vwg1 Huuruv ghjuhhv ri dv|pswrwlf ghjuhhv ri dv|pswrwlf +Uhvxow 5,

iuhhgrp vwg1 huuruv iuhhgrp vwg1 huuruv
dgmxvwphqw +Uhvxow 4, dgmxvwphqw +Uhvxow 4,

Erg| khljkw Prgho 4 Prgho 5 Prgho 6 Prgho 7 Prgho 8
f2 31466 31466 3146: 3146: 3146:

+313<5, +313;;, +313<5, +313;;, +313;:,
ghjuhh ri jhqhwlf 04361: 04361: 04351< 04351< 043616
uhodwhgqhvv +53153,-- +4917;,-- +5314<,-- +49178,-- +49166,--

k2 31977 31977 31973 31973 31975
+31459,-- +31436,-- +31459,-- +31436,-- +31435,--

� hyhu vprnhg@ � � 317:3 317:3 31794
+3174<, +316:8, +31673,

� qxpehu ri � � 31338 31338 0313335
fljduhwwhvK +31368, +31368, +31363,

frqvwdqw 46<16 46<16 46;19 46;19 46;1:
+471:5,-- +4714:,-- +471:5,-- +47147,-- +47135,--

Q +wzlq sdluv, 9<9 9<9 9<9 9<9 9<9
U2 31689 31689 3168< 3168< �
orj ri EPL Prgho 9 Prgho : Prgho ; Prgho < Prgho 43
f2 31354 31354 31369 31369 31349

+313<<, +3143<, +313<:, +3143;, +31439,
ghjuhh ri jhqhwlf 051476 051476 051466 051466 051646
uhodwhgqhvv +3175:,-- +3178<,-- +31755,-- +31777,-- +3174;,--

k2 31999 31999 31996 31996 31:4<
+31466,-- +31476,-- +31464,-- +3146;,-- +31463,--

� hyhu vprnhg@ � � 031357< 031357< 0313594
+313454,- +3133<;,- +3133<;,--

� qxpehu ri � � 031334; 031334; 031334:
fljduhwwhvK +313343,n +31333<,- +31333;,-

frqvwdqw 6147< 6147< 61434 61434 61497
+3164:,-- +31684,-- +31647,-- +3167<,-- +31675,--

Q +wzlq sdluv, 9<9 9<9 9<9 9<9 9<9
U2 31598 31598 315;7 315;7 �

Qrwhv= Vwdqgdug huuruv lq sduhqwkhvhv1 s0ydoxhv= . s ? 3143> - s ? 3138> -- s ? 31341 Doo
dqdo|vhv duh edvhg rq grxeoh0hqwu| gdwd1 +d, Hyhu vprnhg pruh wkdq 433 fljduhwwhv/ 83 fljduv/
ru 8 sdfnv ri wredffr1 +e, Fljduv dqg wredffr zhuh frqyhuwhg lqwr cfljduhwwh0htxlydohqwv* e|
dgmxvwlqj wkh uhvshfwlyh glvwulexwlrqv ri fljdu dqg wredffr frqvxpswlrq wr wkh vdph phdq
dqg yduldqfh dv wkh glvwulexwlrq ri fljduhwwh frqvxpswlrq1
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dqg vwdwlvwlfdoo| lqvljql�fdqw vkduhg hqylurqphqwdo lq xhqfhv1 Pruhryhu/ wklv khulwdelolw|

lqfuhdvhv wr k2 @ 3=;5 li wkh lqvljql�fdqw vkduhg0hqylurqphqw h�hfw lv gursshg iurp wkh

dqdo|vlv dqg wkh hvwlpdwh iru khulwdelolw| lv rewdlqhg iurp dq DH prgho rqo|1 Vlqfh zh duh

pdlqo| lqwhuhvwhg lq wkh phwkrgrorjlfdo dvshfwv ri wkh dqdo|vlv/ krzhyhu/ zh gr qrw uhsruw

wkhvh DH hvwlpdwhv dqg frqwlqxh rxu glvfxvvlrq ri wkh DFH prgho vkrzq lq Wdeoh 61

Wkh gl�huhqfh ehwzhhq Prgho 4 dqg 5 rffxuv zlwk uhvshfw wr wkh suhflvlrq wkdw lv dvvr0

fldwhg zlwk wkhvh hvwlpdwhv1 Prvw uhohydqwo|/ wkh vwdqgdug huuru ri k2 lv derxw 53( orzhu

dqg wkdw ri f2 lv derxw 8( orzhu/ li wkh| duh edvhg rq wkh fruuhfw fdofxodwlrq lq Uhvxow 4

lqvwhdg ri wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw1 Wklv sdwwhuq djuhhv zlwk rxu hduolhu vlpx0

odwlrq uhvxowv lq zklfk wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw xvxdoo| surylghg d frqvhuydwlyh

hvwlpdwh ri wkh vwdqgdug huuruv1

Rqh lpsruwdqw hqylurqphqwdo gl�huhqfh wkdw fdq d�hfw erg| khljkw dqg EPL lv vprnlqj1

Prghov 6�8 wkhuhiruh lqfoxgh wkh gl�huhqfh lq wkh wzlqv* vprnlqj ehkdylru lq rughu wr whvw

zkhwkhu wkh hvwlpdwhv ri khulwdelolw| iru khljkw duh d�hfwhg e| srwhqwldoo| gl�huhqw vprnlqj

ehkdylru ri wkh wzlqv1 Wkh uhvxowv lq doo prghov vxjjhvw/ krzhyhu/ wkdw erg| khljkw lv qrw

d�hfwhg e| vprnlqj1 Pruhryhu/ lqfoxglqj vprnlqj lq wkh dqdo|vlv ohdyhv wkh hvwlpdwhv iru

f2 dqg k2 doprvw xqd�hfwhg1

Dv lq rxu hduolhu dqdo|vhv/ wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw ryhuvwdwhv wkh yduldelolw|

ri wkh frh!flhqwv1 Wkh h{whqw ri wklv ryhuhvwlpdwlrq gl�huv txlwh frqvlghudeoh ehwzhhq wkh

frh!flhqwv/ udqjlqj iurp yluwxdoo| }hur wr pruh wkdq 58(1 Wkh h!flhqw GI dqdo|vlv lq

Prgho 8 surylghv dq dgglwlrqdo vpdoo uhgxfwlrq ri wkh vwdqgdug huuruv lq wkh GI0dqdo|vlv/

dqg lw uhvxowv lq vpdoo fkdqjhv lq wkh srlqw hvwlpdwhv iru wkh frh!flhqwv1

Wkh erwwrp sduw ri Wdeoh 6 uhsruwv wkh fruuhvsrqglqj dqdo|vhv iru wkh orjdulwkp ri

erg| pdvv lqgh{1 Prgho 9 dqg : suhvhqw wkh uhvxowv ri wkh dxjphqwhg GI0dqdo|vlv zlwk

ghjuhhv0ri0iuhhgrp dgmxvwhg dqg dv|pswrwlf vwdqgdug huuruv1 Wkh frh!flhqwv vxjjhvw wkdw

wkh khulwdelolw| ri EPL lv vlplodu wr wkdw ri erg| khljkw1 Wkh hvwlpdwhg k2 htxdov 3=9: dqg

wkhuh lv d yluwxdo devhqfh ri vkduhg hqylurqphqwdo lq xhqfhv +wkh hvwlpdwh iru khulwdelolw|

lqfuhdvhv wr k2 @ 3=9< lq dq DH prgho,1 Wklv sdwwhuq djuhhv zlwk wkh hduolhu dqdo|vlv

ri wkh vdph gdwd zlwk vwuxfwxudo htxdwlrq prghov +Khuvnlqg hw do1 4<<9,/ dowkrxjk wklv

vwxg| kdv irxqg d vrphzkdw kljkhu khulwdelolw| edvhg rq wkh hvwlpdwlrq ri dq DH prgho

zlwkrxw vkduhg hqylurqphqwdo lq xhqfhv1 Pruhryhu/ rxu uhvxowv djuhh zlwk dqdo|vhv ri erg|
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zhljkw wkdw kdyh dovr irxqg khulwdelolwlhv ri dssur{lpdwho| 31:3 +Julor dqg Surjxh0Jhloh

4<<4> Urgjhuv hw do1 4<<7,1

Wkh vwulnlqj dvshfw lq wkh frpsdulvrq ri Prghov 4 dqg 5 lv wkdw wkh ghjuhhv0ri0iuhhgrp

dgmxvwphqw |lhogv vwdqgdug huuruv wkdw duh dssur{lpdwho| 43( ehorz wkh dv|pswrwlf vwdq0

gdug huuruv1 Wkh odwwhu/ krzhyhu/ vhhp wr eh pruh dssursuldwh ehfdxvh wkh| fruuhvsrqg

forvho| zlwk hvwlpdwhv ri wkh vwdqgdug huuruv rewdlqhg e| errwvwudsslqj wkh gdwd1< Wkh

dv|pswrwlf vwdqgdug huuruv wkhuhiruh qrw rqo| surylgh d fruuhfw dvvhvvphqw ri wkh yduldelo0

lw| ri wkh hvwlpdwhg frh!flhqwv/ exw wkh| dovr uhyhdo wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw

zrxog kdyh xqghuhvwlpdwhg wklv yduldelolw|143

Wkh uhdvrq iru wklv sdwwhuq lv gxh wr wkh idfw wkdw wkh orjdulwkp ri EPL +dqg dovr EPL

lwvhoi, lv khwhurvfhgdvwlf eh|rqg khwhurvfhgdvwlflw| wkdw lv gxh wr wkh wzlq ghvljq1 Lq Vhfwlrq

5 zh kdyh vkrzq wkdw wkh yduldqfh ri wkh uhvlgxdo %�� lq GI0dqdo|vlv ghshqgv rq }|jrvlw| +vhh

htxdwlrq 8,/ exw qrw rq wkh ydoxh ri wkh fr0wzlq*v wudlw1 Zh lqyhvwljdwh wklv vhfrqg frqglwlrq

xvlqj d Frrn0Zhlvehuj whvw iru khwhurvfhgdvwlflw|1 Wklv whvw uhyhdov zkhwkhu wkh yduldqfh ri

wkh uhvlgxdo ghshqgv rq wkh ydoxh ri fr0wzlq*v wudlw1 Wkh qxoo0k|srwkhvhv ri krprvfhgdvwlf

uhvlgxdov zlwk uhvshfw wr wkh fr0wzlq*v wudlw ydoxh lv uhmhfwhg lq wkh EPL dqdo|vlv +s0ydoxh

? 313334,/ zkloh wklv qxoo0k|srwkhvhv lv qrw uhmhfwhg lq wkh dqdo|vlv ri erg| khljkw +s0ydoxh

@ =57,1 Dowkrxjk khljkw dqg erg| pdvv lqgh{ dsshdu olnh yhu| vlplodu wudlwv/ wkh deryh

whvwv uhyhdo wkdw wkh| gl�hu lq rxu gdwd lq dq lpsruwdqw dvshfw= wkh uhvlgxdo yduldqfh lq

GI0uhjuhvvlrqv grhv qrw ghshqg rq wkh fr0wzlq*v wudlw ydoxh lq wkh dqdo|vlv ri khljkw/ exw lw

grhv lq wkh dqdo|vlv ri EPL +wdnlqj wkh orjdulwkp uhgxfhv wklv khwhurvfhgdvwlflw| vrphzkdw/

exw grhv qrw holplqdwh lw,1

Lw lv zhoo0nqrzq wkdw vxfk khwhurvfhgdvwlflw| eldvhv wkh hvwlpdwhv iru wkh vwdqgdug hu0

uruv1 Wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw/ zklfk sursruwlrqdoo| lq dwhv wkh vwdqgdug huuruv

rewdlqhg diwhu d GI0uhjuhvvlrq/ lv wkhuhiruh edvhg rq dq lqdssursuldwh vwduwlqj srlqw1 Lq

wklv vshfl�f h{dpsoh wklv lpsolhv wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw lv qr orqjhu frq0

vhuydwlyh exw dfwxdoo| xqghuhvwlpdwhv wkh yduldelolw| ri wkh hvwlpdwhg frh!flhqwv1

Wkh suhvhqfh ri wklv dgglwlrqdo khwhurvfhgdvwlflw|/ krzhyhu/ grhv qrw d�hfw wkh dv|ps0

<Wkh errwvwuds zdv edvhg dq 833 udqgrp vdpsohv iurp wkh gdwd1 Wkh errwvwudsshg vwdqgdug huuruv

h{fhhg wkh dv|pswrwlf vwdqgdug huuruv e| 4�418( iru doo irxu frh!flhqwv1
43Dowkrxjk zh gr qrw sxuvxh wklv txhvwlrq ixuwkhu/ wkh glvwruwlrq ri vwdqgdug huuruv gxh wr vxfk dgglwlrqdo

khwhurvfhgdvwlflw| dovr h{lvwv lq vwuxfwxudo htxdwlrq prghov dqg lv qrw uhvwulfwhg wr GI0dqdo|vhv1
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wrwlf vwdqgdug huuruv lq Uhvxow 41 Lq sduwlfxodu/ wkh ghulydwlrq ri wklv Uhvxow zlwklq wkh

iudphzrun ri JPP hvwlpdwlrq grhv qrw uhtxluh wkdw wkh uhvlgxdov %�� duh krprvfhgdv0

wlf1 Vrph uhodwlyho| zhdn uhjxodulw| frqglwlrqv duh vx!flhqw lq rughu iru Uhvxow 4 wr |lhog

dv|pswrwlfdoo| fruuhfw vwdqgdug huuruv1 Dv lqglfdwhg hduolhu/ wklv urexvwqhvv ri wkh hvwlpdwh

lq Uhvxow 4 lv d zhofrph vlgh0h�hfw ri rxu phwkrg1 Wkh hvwlpdwhg vwdqgdug huuruv uhpdlq

dv|pswrwlfdoo| fruuhfw hyhq li wkh uhvlgxdo yduldqfh lq GI0dqdo|vlv lv khwhurvfhgdvwlf dqg

ghshqgv rq wkh fr0wzlq*v wudlw ydoxh +uhfdoo wkdw GI0dqdo|vlv lv dozd|v khwhurvfhgdvwlf zlwk

uhvshfw wr }|jrvlw| zkhqhyhu k2 A 3,1

Prghov ;�43 lq Wdeoh 6 dgglwlrqdoo| lqfoxgh gl�huhqfhv lq vprnlqj ehkdylru lq wkh GI0

uhjuhvvlrqv1 Wkh lqfoxvlrq ri wkhvh qrq0vkduhg hqylurqphqwv grhv qrw vxevwdqwldoo| d�hfw

wkh hvwlpdwhv1 Wkh khulwdelolw| uhpdlqv dw k2 @ =99/ dqg vkduhg hqylurqphqwdo lq xhqfhv

uhpdlq devhqw1 Vprnlqj lwvhoi/ krzhyhu/ lv fohduo| qhjdwlyho| dvvrfldwhg zlwk EPL1

Prvw uhohydqw lq wkh suhvhqw frqwh{w lv wkh frpsdulvrq ri wkh vwdqgdug huuruv lq wkhvh

wkuhh prghov1 Wkh frpsdulvrq uhyhdov wkdw wkh dv|pswrwlf vwdqgdug huuruv whqg wr eh odujhu

wkdq wkrvh ri wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw iru wkh frh!flhqwv f2 dqg k2�vlplodu wr

rxu hduolhu glvfxvvlrq ri Prghov 9 dqg :�zkloh wkh sdwwhuq lv uhyhuvhg iru wkh fryduldwhv

shuwdlqlqj wr vprnlqj ehkdylru1

Wkh h!flhqw hvwlpdwlrq lq Prgho 43 |lhogv vpdoohu vwdqgdug huuruv wkdq Prgho </ dqg lw

|lhogv voljkwo| gl�huhqw hvwlpdwhv iru wkh frh!flhqwv1 Lq sduwlfxodu/ wkh vkduhg hqylurqphqwdo

lq xhqfh lv vrphzkdw glplqlvkhg dqg khulwdelolw| lv voljkwo| lqfuhdvhg1 Wkh frh!flhqwv ri

wkh vprnlqj yduldeohv uhpdlq doprvw xqfkdqjhg1 Dowkrxjk wkh h!flhqw hvwlpdwlrq |lhogv

vpdoohu vwdqgdug huuruv/ lw lv jhqhudoo| qrw srvvleoh wr udqn wkh srlqw hvwlpdwhv ri Prgho

< dqg 43 lq whupv ri wkhlu dffxudf|1 Wkh odwwhu duh pruh h!flhqw/ exw erwk hvwlpdwhv duh

frqvlvwhqw dqg wkxv cforvh* wr wkh wuxh frh!flhqwv lq odujh vdpsohv1

Wkh dssolfdwlrq ri rxu phwkrgv wr wkh Gdqlvk gdwd vxssruwv wkh �qglqjv ri rxu vlpxod0

wlrq vwxg|1 Wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw ri wkh vwdqgdug huuruv diwhu d GI0uhjuhvvlrq

zlwk grxeoh hqwu| gdwd surylghv dq ryhuhvwlpdwh ri wkh fruuhfw vwdqgdug huuruv zkhq wkh

gdwd frqirup zlwk wkh wkhruhwlfdo prgho1 Zkhq wkh gdwd duh khwhurvfhgdvwlf olnh EPL/

krzhyhu/ wklv pd| qr orqjhu eh wkh fdvh dqg wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw fdq |lhog

vwdqgdug huuruv wkdw duh wrr vpdoo1 Wkh fdofxodwlrq ri wkh dv|pswrwlfdoo| fruuhfw vwdqgdug

huuruv lv wkhuhiruh dgylvdeoh/ erwk ehfdxvh lw lqfuhdvhv wkh srzhu ri wkh vwdwlvwlfdo whvwv
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dqg ehfdxvh wkhvh vwdqgdug huuruv duh dovr curexvw* zlwk uhvshfw wr pruh jhqhudo irupv ri

khwhurvfhgdvwlflw| zklfk duh qrw gluhfwo| uhodwhg wr wkh wzlq0ghvljq1

Wkh h!flhqw GI0dqdo|vlv vhhpv wr surylgh frh!flhqw hvwlpdwhv wkdw duh yhu| forvh wr

wkrvh ri wkh vwdqgdug GI0dqdo|vlv dqg wkh ch!flhqf| jdlqv* lq whupv ri vpdoohu vwdqgdug

huuruv rq wkhvh frh!flhqwv lv uhodwlyho| prghvw1 Dw wkh vdph wlph/ wkh frpsxwdwlrq ri wklv

JPP hvwlpdwru lv uhodwlyho| vlpsoh dqg hyhq prghvw h!flhqf| jdlqv pd| frqwulexwh wr wkh

vwdwlvwlfdo surshuwlhv ri dq dqdo|vlv1

9 Frqfoxvlrqv

GhIulhv dqg Ixonhu*v +4<;8, uhjuhvvlrq surfhgxuh iru hvwlpdwlqj khulwdelolw| +k2, dqg frp0

prq hqylurqphqwdo lq xhqfhv +f2, kdv ehhq iuhtxhqwo| dssolhg wr wzlq gdwd dqg rwkhu

vhohfwhg dqg xqvhohfwhg vdpsohv zlwk pxowlsoh nlqvkls ohyhov1 Wkh dpeljxlw| lq xqvhohfwhg

vdpsohv dv wr zklfk wzlq vkrxog eh xvhg dv wkh suredqg lv iuhtxhqwo| uhvroyhg e| grxeoh0

hqwu|= Hdfk wzlq sdlu lv hqwhuhg wzlfh/ dqg hdfk phpehu ri d wzlq sdlu surylghv rqfh wkh

ghshqghqw dqg rqfh wkh h{sodqdwru| yduldeoh1 Zkloh wkh frqvlvwhqf| ri wkh uhjuhvvlrq hvwl0

pdwhv iru khulwdelolw| dqg vkduhg hqylurqphqwdo lq xhqfhv lv qrw d�hfwhg e| wklv surfhgxuh/

wkh vwdqgdug huuruv rewdlqhg diwhu uhjuhvvlrqv zlwk grxeoh0hqwu| gdwd qhhg wr eh dgmxvwhg1

Lw kdv ehhq frpprq sudfwlfh wr dgrsw d ghjuhhv0ri0iuhhgrp dgmxvwphqw lq zklfk wkh vwdq0

gdug huuruv duh edvhg rq wkh qxpehu ri wzlq sdluv/ lqvwhdg ri wkh qxpehu ri revhuydwlrqv

lq wkh grxeoh0hqwu| gdwd1 Wklv surfhgxuh/ krzhyhu/ lv sureohpdwlf gxh wr wkh fruuhodwlrq

dqg khwhurvfhgdvwlflw| ri wkh uhvlgxdov1 Wkh ghjuhhv0ri0iuhhgrp dgmxvwhg vwdqgdug huuruv

pd| wkhuhiruh ghyldwh/ srvvleo| vxevwdqwldoo|/ iurp wkh fruuhfw glvwulexwlrq ri wkh hvwlpdwhg

frh!flhqwv1

Lq wklv sdshu zh hvwdeolvk wkh fruuhfw dv|pswrwlf glvwulexwlrq ri wkh frh!flhqwv ri GI0

dqdo|vhv zlwk grxeoh hqwu| gdwd dqg zh surylgh d vlpsoh irupxod wr hvwlpdwh wkh fryduldqfh

pdwul{ ri wkh frh!flhqwv lq GI0uhjuhvvlrqv1 Dssolfdwlrqv ri wklv phwkrg wr vlpxodwhg gdwd

vhwv vkrz wkdw wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw ryhuhvwlpdwhv wkh fruuhfw vwdqgdug huuruv

ri wkh frh!flhqwv1 Wkh h{whqw ri wklv ryhuhvwlpdwlrq h{fhhgv 53( iru wudlwv zlwk prghudwh

khulwdelolw|/ dqg lw whqgv wr ehfrph odujhu iru wudlwv zlwk kljkhu khulwdelolw|1 Pruhryhu/

wkh ryhuhvwlpdwlrq ri wkh vwdqgdug huuruv lv qrw xqlirup dfurvv frh!flhqwv dqg lw fdq ydu|
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frqvlghudeo| ehwzhhq f2 dqg k21

Dowkrxjk wkh ghjuhhv0ri0iuhhgrp dgmxvwphqw vhhpv wr surylgh frqvhuydwlyh hvwlpdwhv ri

wkh vwdqgdug huuruv/ wkh h{whqw ri wklv ryhuhvwlpdwlrq vxevwdqwldoo| uhgxfhv wkh vwdwlvwlfdo

srzhu ri GI dqdo|vhv wr ghwhfw uhohydqw jhqhwlf dqg vkduhg0hqylurqphqw lq xhqfhv rq d

wudlw1 Wkh hvwlpdwlrq ri wkh dv|pswrwlfdoo| fruuhfw vwdqgdug huuruv sursrvhg lq wklv sdshu

dyrlgv wklv orvv ri vwdwlvwlfdo srzhu/ dqg wkh hpslulfdo ydolglw| ri wkhvh dv|pswrwlf vwdqgdug

huuruv lv frq�uphg e| errwvwuds hvwlpdwhv1

Rxu dqdo|vhv dovr vkrz wkdw GI0uhjuhvvlrqv duh lqh!flhqw zkhq dgglwlrqdo fryduldwhv/

vxfk dv revhuyhg gl�huhqfhv lq qrq0vkduhg hqylurqphqwv/ duh lqfoxghg lq wkh dqdo|vlv1 Zh

surylgh dq ch!flhqw GI dqdo|vlv* wkdw lv suhihudeoh lq vxfk vlwxdwlrqv ehfdxvh lw surylghv

pruh suhflvh hvwlpdwhv lq odujh vdpsohv1 Rxu vlpxodwlrqv vkrz wkdw vxfk h!flhqf| jdlqv

duh srvvleoh1 Dw wkh vdph wlph/ wkhvh jdlqv duh rqo| ri prghvw lpsruwdqfh/ hvshfldoo| zkhq

frpsduhg wr wkh h�hfw ri fruuhfwo| hvwlpdwlqj wkh dv|pswrwlf vwdqgdug huuruv1

Wkh dssolfdwlrqv ri rxu phwkrgv wr wkh erg| khljkw dqg erg| pdvv lqgh{ ri ihpdoh

Gdqlvk wzlqv vxssruwv wkh frqfoxvlrqv ri rxu vlpxodwlrq vwxg|= wkh hvwlpdwhg dv|pswrwlf

vwdqgdug huuruv whqg wr eh ehorz wkrvh rewdlqhg iurp d ghjuhhv0ri0iuhhgrp dgmxvwphqw/ dqg

wkh vwdwlvwlfdo srzhu wr ghwhfw jhqhwlf h�hfwv e| GI dqdo|vlv lv vxevwdqwldoo| lpsuryhg e|

dgrswlqj wkh phwkrgv sursrvhg lq wklv sdshu1 Pruhryhu/ rxu phwkrg lv uhodwlyho| urexvw

wr dgglwlrqdo vrxufhv ri khwhurvfhgdvwlflw| zklfk duh qrw gxh wr wkh wzlq ghvljq1 Lq wkh

suhvhqfh ri vxfk khwhurvfhgdvwlflw|/ dv iru lqvwdqfh lq wkh dqdo|vlv ri erg| pdvv lqgh{/ wkh

ghjuhhv0ri0iuhhgrp dgmxvwphqw fdq |lhog vwdqgdug huuruv wkdw wrr orz/ zkloh rxu prgl�hg

hvwlpdwlrq frqwlqxhv wr |lhog dq dssursuldwh dvvhvvphqw ri wkh yduldelolw| ri wkh hvwlpdwhv1

Dfnqrzohgjphqw= Zh duh h{wuhpho| judwhixo wr Dqqh Pduld Khuvnlqg dqg Ndduh Fkulv0

whqvhq iru doorzlqj xv wr xvh wkh Gdqlvk Wzlq Gdwd dqg dovr iru vhyhudo khosixo frpphqwv

dqg vxjjhvwlrqv1

Uhihuhqfhv

Fduplfkdho/ F1 P1 dqg P1 PfJxh +4<<8,1 D furvv0vhfwlrqdo h{dplqdwlrq ri khljkw/ zhljkw

dqg erg|0pdvv lqgh{ lq dgxow wzlqv1 Mrxuqdov ri Jhurqwrorj| Vhulhv D � Elrorjlfdo

Vflhqfhv dqg Phglfdo Vflhqfhv 83 +7,/ E56:�5771
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Fkhuq|/ V1 V1/ O1 Fdugrq/ G1 Ixonhu/ dqg M1 GhIulhv +4<<5,1 Gl�huhqwldo khuldelolw| dfurvv

ohyhov ri frjqlwlyh delolw|1 Ehkdylru Jhqhwlfv 55 +5,/ 486�4951

Fudjj/ M1 J1 +4<;6,1 Pruh h!flhqw hvwlpdwlrq lq wkh suhvhqfh ri khwhurvfhgdvwlflw| ri

xqnqrzq irup1 Hfrqrphwulfd 84 +6,/ :84�:961

F|skhuv/ O1 K1/ N1 Sklolsv/ G1 Z1 Ixonhu/ dqg G1 D1 Pud}hn +4<<3,1 Wzlq whpshudphqw

gxulqj wkh wudqvlwlrq iurp lqidqf| wr hduo| fklogkrrg1 Mrxuqdo ri Shuvrqdolw| dqg

Vrfldo Sv|fkrorj| 84/ 66<�6791

GhIulhv/ M1 dqg G1 Ixonhu +4<;8,1 Pxowlsoh uhjuhvvlrq dqdo|vlv ri wzlq gdwd1 Ehkdylru

Jhqhwlfv 48+8,/ 79:�:61

Ixonhu/ G1 Z1/ O1 U1 Fdugrq/ M1 F1 GhIulhv/ Z1 M1 Nlpehuolqj/ E1 I1 Shqqlqjwrq/ dqg

V1 G1 Vplwk +4<<4,1 Pxowlsoh uhjuhvvlrq dqdo|vlv ri vle0sdlu gdwd rq uhdglqj wr ghwhfw

txdqwlwdwlyh wudlw orfl1 Uhdglqj dqg Zulwlqj= Dq Lqwhuglvflsolqdu| Mrxuqdo 6/ 5<<�6461

Julor/ F1 P1 dqg P1 U1 Surjxh0Jhloh +4<<4,1 Wkh qdwxuh ri hqylurqphqwdo lq xhqfhv rq

zhljkw dqg rehvlw|= D ehkdylru jhqhwlf dqdo|vlv1 Sv|fkrorjlfdo Exoohwlq 443/ 853�86:1

Kdjjdug/ H1 D1 +4<8;,1 Lqwudfodvv Fruuhodwlrqv dqg wkh Dqdo|vlv ri Yduldqfh1 Qhz \run=

Gu|ghq Suhvv1

Kdqvhq/ O1 +4<;5,1 Odujh vdpsoh surshuwlhv ri jhqhudol}hg phwkrg ri prphqwv hvwlpdwruv1

Hfrqrphwulfd 83/ 435<�43871

Khuvnlqg/ D1 P1/ P1 PfJxh/ W1 L1 D1 Vruhqvhq/ dqg E1 Kduydog +4<<9,1 Vh{ dqg djh

vshfl�f dvvhvvphqw ri jhqhwlf dqg hqylurqphqwdo lq xhqfhv rq erg| pdvv lqgh{ lq

wzlqv1 Lqwhuqdwlrqdo Mrxuqdo ri Rehvlw| 53 +5,/ 439�4461

Lp/ N1 V1 +4<<;,1 H!flhqw hvwlpdwlrq zlwk jurxshg gdwd1 Hfrqrplf Ohwwhuv 8< +5,/ 49<�

4:71

Nrkohu/ K10S1 dqg M1 O1 Urgjhuv +4<<<,1 GI0olnh dqdo|vhv ri elqdu|/ rughuhg dqg fhqvruhg

yduldeohv xvlqj Surelw dqg Wrelw dssurdfkhv1 Ehkdylru Jhqhwlfv 5< +7,/ 554�5651

OdExgd/ P1 F1 dqg M1 GhIulhv +4<<3,1 Jhqhwlf hwlrorj| ri uhdglqj glvdelolw|= hylghqfh

iurp d wzlq vwxg|1 Lq J1 W1 Sd|olglv +Hg1,/ Shuvshfwlyhv rq G|voh{ld Yro1 41 Qhz \run=

Zloh| ) Vrqv1
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OdExgd/ P1 F1/ M1 F1 GhIulhv/ dqg G1 Z1 Ixonhu +4<;9,1 Pxowlsoh uhjuhvvlrq dqdo|vlv ri

wzlq gdwd rewdlqhg iurp vhohfwhg vdpsohv1 Jhqhwlf Hslghplrorj| 6 +9,/ 758�7661

PdfNlqqrq/ M1 J1 dqg K1 Zklwh +4<;8,1 Vrph khwhurvnhgdvwlflw|0frqvlvwhqw fryduldqfh

pdwul{ hvwlpdwruv zlwk lpsuryhg �qlwh vdpsoh surshuwlhv1 Mrxuqdo ri Hfrqrphwulfv 5</

638�6581

Qhzh|/ Z1 dqg N1 Zhvw +4<;:,1 D vlpsoh srvlwlyh vhpl0gh�qlwh/ khwhurvfdglvwlflw| dqg

dxwrfruuhodwlrq frqvlvwhqw fryduldqfh pdwul{1 Hfrqrphwulfd 88/ :36�:3;1

Qhzh|/ Z1 N1 dqg G1 O1 PfIdgghq +4<<7,1 Odujh vdpsoh hvwlpdwlrq dqg k|srwkhvlv whvw0

lqj1 Lq U1 I1 Hqjoh dqg G1 O1 PfIdgghq +Hgv1,/ Kdqgerrn ri Hfrqrphwulfv/ Yroxph

7/ ss1 5444�55741

Sorplq/ U1 +4<<3,1 Qdwxuh dqg Qxuwxuh= Dq Lqwurgxfwlrq wr Kxpdq Ehkdylrudo Jhqhwlfv1

Sdfl�f Juryh/ FD= Eurrnv2Froh1

Urgjhuv/ M1 O1/ K10S1 Nrkohu/ N1 N|yln/ dqg N1 Fkulvwhqvhq +4<<;,1 Jhqhv d�hfw kxpdq

ihuwlolw| yld ihuwlolw| prwlydwlrqv= Ilqglqjv iurp d frqwhpsrudu| Gdqlvk wzlq vwxg|1

Pd{ Sodqfn Lqvwlwxwh iru Ghprjudsklf Uhvhdufk/ Urvwrfn/ Jhupdq|= Plphr1

Urgjhuv/ M1 O1 dqg P1 PfJxh +4<<7,1 D vlpsoh dojheudlf ghprqvwudwlrq ri wkh ydolglw| ri

GhIulhv 0 Ixonhu dqdo|vlv lq xqvhohfwhg vdpsohv zlwk pxowlsoh nlqvkls ohyhov1 Ehkdylru

Jhqhwlfv 57+6,/ 58<�951

Urgjhuv/ M1 O1/ G1 Urzh/ dqg F1 Ol +4<<7,1 Eh|rqg qdwxuhv yhuvxv qxwxuh= Gi dqdo|vlv ri

qrqvkduhg lq xhqfhv rq sureohp ehkdylru1 Ghyhorsphqwdo Sv|fkrorj| 63 +6,/ 6:7�;71

Urgjhuv/ M1 O1 dqg G1 F1 Urzh +4<;:,1 LT vlplodulw| lw wzlqv/ vleolqjv/ kdoi vleolqjv/ frxvlqv

dqg udqgrp sdluv1 Lqwhooljhqfh 44/ 4<<�5391

Zdoohu/ Q1 J1 +4<<7,1 D GhIulhv dqg Ixonhu uhjuhvvlrq prgho iru jhqhwlf qrqdgglwlylw|1

Ehkdylru Jhqhwlfv 57 +5,/ 47<�4861

Zklwh/ K1 +4<;3,1 D khwhurvfhgdvwlflw|0frqvlvwhqw fryduldqfh pdwul{ hvwlpdwru dqg d gl0

uhfw whvw iru khwhurvfhgdvwlflw|1 Hfrqrphwulfd 7;/ ;4:�;6;1

]lhohqlhzvnl/ D1 P1/ G1 Z1 Ixonhu/ M1 F1 GhIulhv/ dqg P1 F1 OdExgd +4<;:,1 Pxowlsoh

uhjuhvvlrq dqdo|vlv ri wzlq dqg vleolqj gdwd1 Shuvrqdolw| dqg Lqglylgxdo Gl�huhqfhv ;/
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